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Abstract
We elaborate an unified geometric approach to classical mechanics,
Riemann–Finsler spaces and gravity theories on Lie algebroids pro-
vided with nonlinear connection (N–connection) structure. There are
investigated the conditions when the fundamental geometric objects
like the anchor, metric and linear connection, almost sympletic and
related almost complex structures may be canonically defined by a
N–connection induced from a regular Lagrangian (or Hamiltonian), in
mechanical models, or by generic off–diagonal metric terms and non-
holonomic frames, in gravity theories. Such geometric constructions
are modelled on nonholonomic manifolds provided with nonintegrable
distributions and related chains of exact sequences of submanifolds
defining N–connections. We investigate the main properties of the La-
grange, Hamilton, Finsler–Riemann and Einstein–Cartan algebroids
and construct and analyze exact solutions describing such objects.
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1 Introduction
The theory of Lie algebroids (see a mathematical background, discussion,
first applications and bibliography in [4, 22, 9, 32]) has received recently
considerable attention in geometric mechanics [64, 21, 23, 14], control theory
[8], geometry of gauge fields, string and gravity [38, 39, 49, 50, 51, 52].
In the present paper, we study the canonical realization of the Lagrange–
Hamilton, Riemann–Finsler and Einstein–Cartan geometry (see details, for
instance, in Refs. [28, 3, 29, 30, 2]; for extensions to superspaces, spinors
and noncommutative spaces, see [43, 48]) on Lie algebroids enabled with
nonlinear connection structure and analyze some important examples of such
nonholonomic configurations and exact solutions of the Einstein equations
modelling algebroid structures.
There are two general approaches to geometrization of mechanics on the
tangent/cotangent bundle:
Roughly speaking, the first approach follows the idea to describe the
mechanics in terms of sympletic geometry by developing certain procedures
of geometrization of the Euler–Lagrange equations (we cite a recent a re-
view [19] of results in mechanics and classical field theory based on the
(multi)sympletic formalism, differential forms, jets ....).
In a quite alternative form, i.e. in the second approach, the Lagrange
and Hamilton mechanics 1 was geometrized [28, 29, 30, 43, 48] by using the
methods of Finsler geometry, see also [27, 3, 2] for alternative researches
and applications, on tangent and vector bundles and generalizations to
Clifford bundles, superbundles and projective modules in noncommutative
geometry..... Such spaces are enabled with nonholonomic structures, i.e
nonintegrable distributions, defined by nonlinear connections (in brief, N–
connection). Following this approach, the N–connection and the bulk of
fundamental geometric structures (metric, canonical linear connection, al-
most sympletic and almost complex structures...) are derived in general
form starting from a regular (for simplicity) Lagrangian and/or Hamilto-
nian. In such a case, the geometric constructions are not related to the
particular properties of corresponding systems of partial differential equa-
tions, symmetries and constraints of mechanical and field models, i. e. to
the Euler–Lagrange equations which are equivalently transformed into a
(semi)spray configuration of ”nonlinear” geodesics, but canonically defined
by certain classes of Sasaki type metrics, distinguished linear connections
1in general, with spinor, supersymmetric, quantum group and another type of noncom-
mutative variables
2
(adapted to the N–connection) and corresponding torsions and curvatures.
The first mentioned approach was recently developed into some descrip-
tions of mechanics on Lie algebroids [64, 21, 23, 14] and the second one has
natural extensions to the noncommutative geometry of mechanics, Clifford–
Lagrange spaces and nonholonomic Dirac operators [48]. Of course, both
approaches are inter–related: For instance, certain (semi) sprays and N–
connection configurations were considered in the mentioned first direction
of researches and the almost sympletic/ complex/ tangent structures were
derived for the second ones. There are also works applying both types of ge-
ometrizations of mechanics with explicit purposes to elaborate a geometric
quantization formalism for nonholomic mechanics [11, 60].
There are a number of features motivating rigorous studies of new types
of nonholonomic algebroid structures and their applications. Here, we enu-
merate twelve already distinguished directions:
The first one come from the geometry of nonholonomic manifolds and
bundles (in our case provided with N–connection structure). Such spaces
with nonholonomic distributions are characterized by generalized Lie type
nonholonomy relations for frames and admit quotients by the structure Lie
group which requests definition of a new class of nonholonomic Lie alge-
broids (in brief, Lie N–algebroids). This is not a trivial academic procedure
of modelling physical theories and geometries on spaces provided with alge-
broid structure because for general nonholonomic manifolds there is a not
completely solved problem of definition the curvature tensor2. In this work,
we shall prove that it is possible to construct curvature tensors for very
general classes on nonholonomic manifolds defined by nonlinear and linear
connections on Lie N–algebroids.
The second direction arises from the modern gravity theories, in general,
with nontrivial torsion and nonmetricity. There are classes of such space-
times (considered also in this work) when the generic off–diagonal metric,
nonholonomic frames and nonlinear/linear connections mimic certain Lie N–
anholonomic algebroid structures constructed as exact solutions of the gener-
alized gravitational field equations (in particular, of the Einstein equations).
This can be related to new directions in constructing exact solutions with
Lie N–algebroid symmetries and investigation of their symmetries, singular
and nonholonomic configurations for which the application of the methods
of algebroid theory are crucial. We give in this paper some explicit examples
of such Einstein–Cartan algebroids.
There is a third motivation coming from the Riemann–Finsler geome-
2see detailed discussions and references, for instance, in [11, 48]
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try, almost Kahler models and their generalizations. Such geometries are
naturally defined on tangent bundles and higher order extensions provided
with nonlinear connection structure, or on manifolds of even dimensions
(or containing embedding of such even dimension submanifolds) provided
with exact chains of submanifolds prescribing N–connection and associated
nonholonomic frame structures. It is not possible to define such Finsler–
Lagrange structures on general vector bundles with different dimensions of
the fibers and basic manifold. In another turn, the Lie algebroid construc-
tions related to the tangent bundles of the associated vector bundles, allows
to define new types of Finsler geometries (as well, their Lagrange and/or
Hamilton geometry extensions) because the even dimensions arise naturally
for the geometric objects transferred on ’tangents’ to the fibers of a vector
bundle. In this work, we define explicitly and investigate such new type of
Finsler/Lagrange/Hamilton algebroids. As a matter of principle, such alge-
broid constructions are defined by subclasses of structure functions of the
Einstein–Cartan (and more general metric–affine) algebroids provided with
N–connection structure.
The forth set of arguments for the theory of Lie of N–algebroids re-
sults from the mentioned geometrization of mechanics with the Lagrange
and Hamilton functions defined on the Lie structure group quotients of the
tangent, respectively, cotangent bundles. This direction will be extended by
considering nonholonomic configurations (canonically defined by the funda-
mental Lagrange or Hamilton functions and their respective homogeneous
variants for the Finsler and Cartan geometry). We study an application of
such Lie N–algebroid methods in order to elaborate a rigorous geometric
formalism for the optic–mechanical modelling of gravitational processes like
in analogous gravity.
There is the fifth approach related to investigation of the control sys-
tems on the Lie algebroids [24, 8]. We shall not work in this direction in
this paper but we note here that the optimal control theory having explicit
relations to the Lagrange mechanics will obtain a number of new features
and possibilities by applying the formalism of Lie N–algebroids provided
with metric and distinguished connection (by N–connection structures).
The sixth direction appears as the jet formalism elaborated on Lie al-
gebroids and related to models of classical field theory, time–dependent and
higher order mechanics, see the first results in [9, 25, 26]. This concerns a
further elaboration of algebroid multisympletic models for noholonomic me-
chanics and classical field theories, sigma models, gravitational and string
actions and various type of topological theories.
We plan to elaborate a seventh direction devoted to N–connections and
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field dynamics on Lie algebroid jets, revising the presympletic formalism on
the spaces of Cauchy data, classification of infinitesimal symmetries, conser-
vation lows in the geometric context of multisympletic geometry and Ehres-
mann connections [17]. The set of the invariants and conservation lows on
such algebroid spaces will be completed by the corresponding fundamental
system of nearly autoparallel maps and conservation lows in the past inves-
tigated for the (pseudo) Riemannian and generalized Finsler spaces [41, 10],
see also Chapters 3 and 8 in [45].
The eights direction may be related to the already stated approaches to
the ”Lie algebroid” gauge theories and gravity models (of string gravity and
Einstein type) which in our opinion has certain perspectives in gauge gravity
modelling of the general relativity, brane physics and string gravity. Such
constructions may be derived from the gauge locally anisotropic gravity and
noncommutative gauge gravity [55, 46, 53], see also Chapters 2 and 7 in [45].
The Lie algebroid variants with singular maps, anchors and nonholonomic
structure seem to solve a number of problems concerning nonsemisimple
realizations of gravitational gauge theories and broken symmetries in such
models.
The ninths new direction of the geometric and physical applications of
the algebroid mathematics is related to the Clifford algebroid structures and
various type of spinor–Finsler/Lagrange/Hamilton geometries and redefini-
tion of mechanics on spinor bundles provided with N–connection structures
[42, 44, 58, 59] and Chapter 6 in [45]. This is not a trivial rewriting of the
Lagrange or Hamilton formalism in spinor terms. An explicit geometriza-
tion of mechanics both in terms of sympletic and N–connection structures on
algebroids allows to work directly with singular, nonholonomic and quotient
symmetries which can be related to the quantum ”world” via spinor vari-
ables which in such cases are modelled by nonholonomic Clifford structures,
nonlinear connections, connections and curvatures on such spaces.
It became already explicit the tenths direction which leads from the
Clifford–Lagrange and Clifford–Riemann–Finsler geometry to the noncom-
mutative geometry. Following the geometry of nonholonomic frames, the
Lagrange–Finsler algebroids can be treated as Riemann–Cartan manifolds
provided with corresponding prescribed types of N–connection and Lie alge-
broid structures. The Riemann geometry can be ’extracted’ from the non-
commutative geometry via the Dirac operator formalism [7, 12, 35]. A gen-
eralized Dirac operator approach was already elaborated for the generalized
Riemann–Finsler and Lagrange-Hamilton spaces [48] which emphasizes the
possibility to define noncommutative extensions of the Clifford–Lagrange–
Hamilton algebroids.
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The eleventh approach may be considered in connection to mechanical
integrators, numerical methods and applications in economics [18]. In this
case, it would be necessary the elaboration of a discrete geometry and a
corresponding calculus for nonholonomic algebroid structures. The specific
point would be that numeric and analytic methods of the theory of differen-
tial equations will have to be elaborated in a form preserving the prescribed
algebroid configuration.
Finally, in the twelfth, less distinguished direction with possible new
subdirections, the mentioned classical commutative and noncommutative
geometry and algebroid methods seem to have a perspective to the geometric
quantization, spin networks and path quantum gravity, Fedosov spaces, Hopf
algebras and quantum group geometry, see references and algebroid related
discussions in [4]. It also follows from the constructions with Lie algebroids
and nonholonomic geometries presented, for instance in [48], and has a direct
relation to the cohomology of Jacobi manifolds and algebroids [15, 16], but
this can be considered as a long term program of our further researches.
The purpose of this work is to elaborate the theory of Lie N–anholonomic
algebroids and to present a set of strong arguments and motivations for such
constructions, derived from the geometric mechanics and gravity theory. We
shall follow in the bulk the first mentioned four directions but also formulate
a Lie algebroid nonholonomic geometric background for a future work related
to the rest of eight directions.
This paper is organized into six sections. In Section 2, we recall some
necessary results on Lie algebroids and their prolongations. In Section 3, we
clarify the relevance of the geometry of nonlinear connections to geometric
models of mechanics on tangent bundles and Lie algebroids. We elaborate
the almost Hermitian model of Lagrange mechanics on Lie algebroids and
define the canonical nonlinear connection, metric and distinguished con-
nection, almost complex and sympletic structures all induced by regular
Lagrangians. The theory of Lie algebroids provided with nonlinear connec-
tion structure is formulated in Section 4. We investigate the main classes of
nonlinear and linear connections and prove the main theorems on torsions
and curvatures of such nonholonomic manifolds provided with, in general,
nonintegrable distributions. In Section 5, we define the Finsler and Hamil-
ton algebroids and their generalizations and prove that there are canonical
Lie algebroid structures determined by the canonical sympletic, metric and
nonlinear connections induced by corresponding Lagrangians, Hamitlonians
and/or Finsler–Cartan fundamental functions. Section 6 is devoted to a
proof that a certain class of Lie algebroids can be associated to exact solu-
tions in gravity theories, parametrized by generic off–diagonal metrics and
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nonholnomic frames. We formulate some criteria when the gravitational
processes may be modelled by optical and continuous mechanics media and
can geometrized in the Lie algebroid approach. Finally, some examples
of exact solutions defining such nonholonomic algebroid configurations are
constructed and analyzed.
2 Preliminiaries: Lie Algebroids and Prolongati-
ons
The section is an overview of the results and conventions on Lie algebroids
and vector/tangent bundles to be applied and developed in this work.
2.1 Definition of Lie algebroids
Let E = (E, π,M) be a vector bundle defined by surjective projection
π : E −→ M when the dimensions of the base and toatal manifolds are re-
spectively dimM = n and dimE = n+m. A Lie algebroid A + (E, [·, ·] , ρ)
is defined as the vector bundle E provided with algebroid structure ([·, ·] , ρ),
3 where [·, ·] is a Lie bracket on the C∞(M)–module of sections of E, de-
noted Sec(E), and the ’anchor’ ρ is defined as a bundle map ρ : E → TM
(TM is the tangent bundle to M) such that
[X, fY ] = f [X,Y ] + ρ(X)(f)Y
for X,Y ∈ Sec(E) and f ∈ C∞(M). The anchor also induces an homomor-
phism of C∞(M)-modules ρ : Sec(A) → X 1(M) where ∧r(M) and X r(M)
denote, respectively, the spaces of differential r–forms and r–multivector
fields on M.
Let us state the typical notations for abstract (coordinate) indices given
with respect to an arbitrary or coordinate basis. For a local basis on E we
write eα = (ei, va). The small Greek indices α, β, γ, ... are to be considered
general ones when the values 1, 2, . . . , n+m and i, j, k, ... and a, b, c, ... label
respectively the geometrical objects on the base and typical fiber. The
local coordinates of a point u ∈ E are written u =(x, u), or uα = (xi, ua),
where ua(u) is the a-th coordinate with respect to the basis va and (x
i)
are local coordinates with respect to the basis ei on M . For our purposes,
it is convenient to write the local coordinates on a tangent bundle, when
E = TM, in the form (xi, yk), where i, j, k, ... = 1, ..., n. We shall write also
3Sometimes, we shall write for this vector bundle only the symbol E, if there is not
confusion.
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briefly E or E instead of the set of sections of the total space Sec(E), if such
a notation will not result in ambiguities.
In local form, the Lie algebroid structure is defined by its structure
functions ρia(x) and C
f
ab(x) on M, determined by the relations
ρ(va) = ρ
i
a(x) ei, (1)
[va, vb] = C
c
ab(x) vc (2)
and subjected to the structure equations
ρja
∂ρib
∂xj
− ρjb
∂ρia
∂xj
= ρjcC
c
ab and
∑
cyclic(a,b,c)
(
ρja
∂Cdbc
∂xj
+ CdafC
f
bc
)
= 0. (3)
Roughly speaking, the concept of Lie algebroid A substitutes that of the
tangent bundle TM, when an element σ ∈ E is considered as a generalized
“velocity” and the actual velocity V is obtained via the anchor map, V =
ρ(σ). Subjected to the conditions (3), the image ρ(E) defines an integrable
generalized distribution; therefore, M is foliated by the leaves of ρ(E). We
will say that an algebroid is transitive if it has only one leaf which is obviously
equal to M. This property holds if and only if the map ρ is surjective (we
shall construct mechanical models on such manifolds). For certain gravity
models, it is possible that A is not transitive but the restriction of a Lie
algebroid to a leaf q ⊂ M,Eq → q is transitive (we can also consider a
trivial embedding of Eq into a higher dimension which allows a surjective
map). One says that a Lie algebroid is locally transitive at a point x ∈ M
if ρx : Ex → TxM is surjective. In this case, the point x is contained in a
leaf of maximal dimension.
If A is a Lie algebroid and E∗ is the dual of E, we can introduce the
differential of E, dE : Sec(∧kE∗)→ Sec(∧k+1E∗) as follows
dEλ(X0,X1, ...,Xk) =
k∑
r=1
(−1)rρ(Xr)
(
λ(X0, ..., X̂r, ...,Xk)
)
+
k∑
r<r′
(−1)r+r
′
ρ(Xr)
(
λ([Xr,Xr′ ] ,X0, ..., X̂r, ..., X̂r′ , ...,Xk)
)
for λ being an element from the set of sections of the E–valued k–forms,
Sec(∧kE∗), and X0,X1, ...,Xk ∈ Sec(E), where X̂r means that this term
is omitted under summation. It is obvious that (dE)2 = 0. The trivial
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examples of such differentials are those for a function f ∈ C∞(M) and
θ = θav
a ∈ Sec(E∗) when, respectively,
dEf =
∂f
∂xi
ρiav
a and dEθ =
(
ρia
∂θb
∂xi
−
1
2
θcC
c
ab
)
va ∧ vb, (4)
where
(
dEf
)
(X) = ρ(X)(f). Therefore,
dExi = ρiav
a and dEva = −
1
2
Cabcv
b ∧ vc.
We also define the Lie derivative with respect to X as the operator
LEX : Sec(Λ
kE∗) −→ Sec(ΛkE∗) given by LEX = iX ◦ d
E + dE ◦ iX .
On the other hand, for a function f ∈ C∞(M), one introduces the ’com-
plete’ and ’vertical’ lifts to E of f defined respectively by cf(u) = ρ(u)(f)
and vf(u) = f(π(u)) for all u ∈ E. Let us consider a section X of E. The
vertical lift of X is a vector field on E given by vX(u) = vX(π(u))u,
for all u ∈ E, where a canonical isomorphism is defined by the map
v
u : Eπ(u) → Tu(Eπ(u)).
Let us consider the notion of complete lift of a section. The complete lift
cX of a section X of E is the vector field on E which satisfies the following
properties:
1. cX is π-projectable on ρ(X)
2. cX(µˆ) = L̂EXµ, for all µ ∈ Sec(E
∗).
Here µˆ denotes the linear function on E defined by µˆ(u) = µ(π(u))(u),
for all u ∈ E.
Now, we briefly consider the notion of prolongation of Lie algebroids [for
details, see [14]], in order to generate a prolongation over a smooth map; our
notations are different, being adapted to those from Lagrange and Finsler
geometry [28, 29, 48]. The underlying motivation for prolongations is that
of formulating the “second order dynamical models” on E and relating such
constructions to similar models on TM.
2.2 The prolongation of a Lie algebroid
We consider a local basis {va} of Sec(E). If u ∈ E, π(u) = x ∈M, and x
i are
local coordinates around x, we have u = uava and the bundle coordinates on
E are (xi, ua). In this case, the map ρ acts in the form ρ(xi, ua) = (xi, ρia(x))
and ρ(va) = ρ
i
a(x)
∂
∂xi
.
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Let E
π
→ M be a Lie algebroid with Lie bracket [, ] and anchor map ρ :
E → TM. Consider the prolongation LπE of E as a subset LπE ⊂ E×TE
defined by
LπE + {(u, z) ∈ E × TE/ρ(u) = (Tπ)(z))}
where Tπ : TE → TM is the tangent map to π. In particular, we have the
prolongation of E over the vector bundle projection π : E → M. In the
case when E is the standard algebroid on TM, then LπE = T (TM).
The space LπE is fibred over E by the projection ππ : LπE −→ E,
given by ππ(u, z) = τE(z) where τE : TE −→ E is the tangent projection.
It is also interesting to define the projection into the second factor: πρ :
LπE −→ TE, given by πρ(u, z) = z.
We denote respectively the section s ∈ Sec(E) and the sections of the
modules of vector fields vs ∈ X(E), cs ∈ X(E), and vs ∈ X(LπE), cs ∈
Sec(LπE), and define respectively the vertical and complete lifts of sections
of E into sections of LπE. In particular
cs(u) = (s(π(u)), cs(u)) and vs(u) = (0, vs(u)) . (5)
There is an unique Lie algebroid structure ( π[·, ·], πρ) on LπE which can
be defined by
π[ vs, vs] = 0, π[ cs, vs] = v[s, s], π[ cs, cs] = c[s, s].
For the vertical and complete lifts of functions we have:
πρ( cs)( cf) = c (ρ(s)(f)) , πρ( cs)( vf) = v (ρ(s)(f)) ,
πρ( vs)( cf) = v (ρ(s)(f)) , πρ(sv)( vf) = 0.
Other two interesting geometric objects on LπE are the Liouville section
π∆ and the vertical endomorphism πS. The object π∆ is just the section
of ππ defined by π∆(u) = (0, vuu), for all u ∈ E and the object
πS is the
section of the vector bundle LπE ⊕ (LπE)∗ −→ E defined by
πS( vs) = 0, πS( cs) = vs,
for all sections s of E. For E = TM, one has πS = s and π∆ = ∆.We will
say that a section Sec of ππ is a second order differential equation (SODE)
or a semispray on E if πS(Sec) = π∆.
Let us consider local coordinates xi on M and (xi, ua) on E , a local
basis vb of sections of E and the Lie algebroid structure functions ρ
i
a(x) and
10
Cabe(x). We can define a local basis for the considered vertical and complete
lifts,
cea = ρ
i
a
∂
∂xi
− Cbaeu
e ∂
∂ub
and vea =
∂
∂ua
(6)
which transform any section s = sava of E, respectively, into the vector
fields vs and cs, when
cs = saρia
∂
∂xi
+
(
ρia
∂sb
∂xi
− sdCbda
)
ua
∂
∂ub
and vs = sa
∂
∂ua
.
These are local expressions, for a complete definition see Ref. [14].
Following the rule (5) and putting za′ =
cea′ and va =
vea, we may
transform the local frame (6) into a local basis (za′ , va) of L
πE when for
s = sava ∈ Sec(E) we have
cs = (ρib
∂sa
∂xi
ub)va + s
aza and
vs = sava.
Hereafter we shall use primed indices a′, b′, ... running the same values as
a, b, ... if one would be necessary to distinguish the objects decomposed with
respect to the bases of type za′ from those decomposed with respect to the
bases of type va. It is convenient to introduce a new local basis c˜A = (z˜a, v˜a)
on sections of LπE when
c˜A + (z˜a = C
b
aeu
evb + za, v˜a = va) (7)
with the components satisfying the typical Lie algebroid structure relations
(1) and (2), respectively,
πρ(v˜a) =
∂
∂ua
, πρ(z˜a) = ρ
i
a
∂
∂xi
and
π [v˜a, v˜a] = 0,
π [z˜a, v˜a] = 0,
π [z˜a, z˜a] = C
e
abz˜a.
With respect to the c˜A = (z˜a, v˜a), for an element ω = γ
az˜a + ζ
av˜a ∈ L
πE,
we can define the natural local coordinates (xi, ua, γa, ζa) on LπE, when
the point ω ∈ ππ(π−1(x)) [for a vector bundle projection ππ : LπE → E
and x ∈ M, and (xi, ua) considered also as the coordinates of the point
ππ(ω) ∈ π−1(x)] may be expressed in coordinate form
ω = γaz˜a(
ππ(ω)) + ζav˜a(
ππ(ω)).
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We note that ππ(ω) = ππ(u, z) = τE(z) which for
u = γaea and z = γ
aρia
∂
∂xi
+ ζa
∂
∂ua
results in the coordinate expression ππ(xi, ua, γa, ζa) = τE(z) = (x
i, ua). In
coordinate form, the anchor map is defined
πρ(xi, ua, γa, ζa) = (xi, ua, ρiaγ
a, ζa).
We can elaborate a differential form calculus by stating an abstract dif-
ferential operator dL ≡ dL
πE acting in the form
dLf = ρia
∂f
∂xi
z˜a +
∂f
∂ua
v˜a, (8)
dLz˜a = −
1
2
Cabez˜
b ∧ z˜e, dLv˜a = 0,
where the local basis c˜A = (z˜a, v˜a) is the dual to c˜A = (z˜a, v˜a).
3 N–anholonomic Lie Algebroids
In this section, we formulate an approach to the theory of Lie algebroids
provided with a general N–connection structure. We define and investigate
the main properties of the metric and nonlinear and connection structures
and compute their torsions and curvatures and related almost Hermitian
models of N–anholonomic manifolds.
3.1 Lie Algebroids with N–connection structure
For convenience, we consider the main concepts and formulas for the N–
connection geometry both on vector bundles and related Lie algebroids.
3.1.1 Lie N–anholonomic algebroids
We start with the definition of nonlinear connection for vector bundles:
Definition 3.1 A nonlinear connection (in brief, N–connection) N on a
vector bundle E is defined by using the exact sequence
0→ vE
i
→ TE → TE/vE → 0,
and giving a morphism N : TE → vE such that N ◦ i is the identity in the
vertical subbundle vE (the kernel kerπ⊺ + vE, for π⊺ : TE → TM) where
i : vE → TE is the inclusion mapping.
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We remit the reader to Refs. [28, 29, 13, 48] for historical remarks
and discussions on E. Cartan and A. Kawaguchi first definitions of N–
connections, in Finsler geometry, and further generalizations (by Ehres-
mann, Barthel, Miron, Grifone and others) to various type of spaces.4
We can say equivalently that a N–connection is defined by a Whitney
sum
TE = hE ⊕ vE (9)
globally splitting TE into conventional horizontal (h–) subspace, hE , and
vertical (v–) subspace, vE , (subbundles). In general, a decomposition of
type (9) defines a nonintegrable (or nonholonomic; in literature, one uses
also the equivalent term ’anholonomic’) distribution. Such spaces are called
’N–anholonomic’ because their nonholonomy is related to the N–connection
structure: we follow the conventions from [48, 11].
Definition 3.2 A Lie algebroid A + (E, [·, ·] , ρ) is N–anholonomic (in
brief, it is a Lie N–algebroid) if the vector bundle E is provided with N–
connection structure.5
A section X of E has the h- and v–decompositions
X = Xαeα=(X ≡
−X = Xiei,
⋆X = Xbvb)
and 1-section of E∗, Φ ∈ Sec(E∗) has the h- and v–decomposition
Φ = (Φ ≡ −Φ = Φie
i, ⋆Φ = Φbv
b),
where the rule of summing on repeating indices is used. Following the con-
vention of [28, 29, 43], we call respectively such objects to be distinguished
vectors and forms (in brief, d–vectors and d–forms) being adapted to the
global decomposition induced by the N–connection. In a similar manner,
we can introduce d–tensor, d–connection, d–spinor ... objects if such ob-
jects are adapted to the N–connection structure. We emphasize that the
v–components, those labelled with indices a, b, c, ... are just those which
would be subjected to the algebroid structure conditions given by a cou-
ple ([·, ·] , ρ). The constructions for N–anholonomic algebroids have to be
adapted to the N–connection structure.
4The term ”non-linear” connection has already used in algebroid theory (for instance,
in [9]) for certain connections related to sections of algebroids and associated bundles: such
approaches do not follow the general theory of N–connections in bundle spaces and/or on
nonholonomic manifolds.
5We shall use ’boldfaced’ symbols for algebroids, bundles and manifolds and, in general,
for the geometrical objects defined on such spaces if it would be necessary to emphasize
that they are provided with (or adapted to) a N–connection structure.
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3.1.2 Geometric structures induced by N–connections
A N–connection may be described by its coefficients,
N = N
a
i(u)dx
i ⊗
∂
∂ya
= N bi(u)e
i ⊗ vb,
where we underlined the indices defining the coefficients with respect to a
local coordinate basis. The well known class of linear connections consists
on a particular subclasses with the coefficients being linear on ua, i. e.
N
a
i (x, u) = Γ
a
bi(x)u
b.
On any Lie algebroid and its associated vector bundle we can can consider
’vielbein’ transforms, stated by nondegenerated matrices A
α
β (u) and their
inverse ones Aαβ(u), from local coordinate frame eα = ∂α = (ei = ∂i, vb =
∂a) and, respectively, coordinate co–frames, e
α = duα = (dxi, dua)) to any
general ones eα = (ei, va) and, respectively, e
α = (ei, va),
eα = A
α
α (u)eα and e
α = Aαβ(u)e
α, (10)
where the point u =(x, u) ∈ E has the coordinates uα = (xi, ua).6 In gen-
eral, such frame transforms are not adapted to the Lie algebroid and/or
N–connection structure. Nevertheless, by straightforward computations we
can prove:
Proposition 3.1 The Lie algebroid and N–connection structures prescribe
a subclass of local frames related via a subclass of matrix transforms A
α
α
and Aαβ from (10) linearly depending on N
a
i(x, u) and parametrized in the
form generating N–adapted frames
eα = (ei =
∂
∂xi
−N bivb, vb) (11)
and dual coframes
eα = (ei, vb = vb +N bidx
i), (12)
for any vb = A
b
b ∂b satisfying the condition vc⌋v
b = δbc.
The the Lie algebroid structure can be adapted to the N–connection
and resulting frame structures (11) and (12). This can be done following
6the symbols ∂ and d are used correspondingly for usual partial derivatives and differ-
entials
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the procedure: Let us re–define the coefficients of the anchor and structure
functions with respect to the eα and e
α, when
ρ
i
b(x) → ρ̂
i
b(x, u) = A
i
i(x, u) A
b
b (x, u)ρ
i
b(x),
C
f
db(x) → C
f
db(x, u) = A
f
f (x, u) A
d
d (x, u) A
b
b (x, u)C
f
db(x),
where the transform A–matrices are linear on coefficients Nai as can be
obtained from the formulas in the above presented Proposition. In terms of
N–adapted anchor ρ̂ib(x, u) and structure functions C
f
db(x, u) (which depend
also on variables ua), the structure equations of the Lie algebroids (1), (2)
and (3) transform respectively into
ρ̂(eb) = ρ̂
i
b(x, u) ei, (13)
[vd, vb] = C
f
db(x, u) vf (14)
and
ρ̂jaej(ρ̂
i
b)− ρ̂
j
bej(ρ̂
i
a) = ρ̂
j
eC
e
ab, (15)∑
cyclic(a,b,e)
(
ρ̂jaej(C
f
be) +C
f
agC
g
be −C
f ′
b′e′ ρ̂
j
aQ
fb′e′
f ′bej
)
= 0,
for Qfb
′e′
f ′bej = e
b′
be
e′
ee
f
f ′ ej(e
b
b e
e
e e
f
f ) computed for the values e
b′
b and e
f
f ′
taken from
e αα (x, u) =
[
e
i
i (x, u) N
b
i (x, u)e
a
b (x, u)
0 e
a
a (x, u)
]
, (16)
e
β
β(x, u) =
[
eii(x, u) −N
b
k(x, u)e
k
i (x, u)
0 eaa(x, u)
]
, (17)
where eα = e
α
α ∂α and e
β = eββdu
β depending linearly on N bi (x, u).
We note that the operators eα and e
α (respectively defined by (11)
and (12)) are ”N–elongated” partial derivatives and differentials defining
a N–adapted differential calculus on N–anholonomic manifolds. In the limit
Nai → 0 obtain the usual Lie algebroid constructions for holonomic mani-
folds and bundles.
Following J. Grifone [13], we introduce the curvature of a N–connection
Ω as the Nijenhuis tensor
Nv(X,Y) + [
⋆X, ⋆Y ] + ⋆⋆[X,Y]− ⋆[ ⋆X,Y]− ⋆[X, ⋆Y ]
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for any X,Y ∈X (E) associated to the vertical projection ”⋆” defined by this
N–connection:
Ω + −Nv
written in the Lie algebroid and N–adapted form
Ω =
1
2
Ωbij e
i ∧ ej ⊗ vb
with coefficients
Ωaij = e[jN
a
i] = ejN
a
i − eiN
a
j +N
b
ivbN
a
j −N
b
jvbN
a
i .
The vielbeins (11) satisfy the nonholonomy (equivalently, anholonomy)
relations
[eα, eβ] =W
γ
αβeγ
with nontrivial anholonomy coefficients W ajk = Ω
a
jk(x, u), W
b
ie = veN
b
i(x, u)
andW bae = C
b
ae(x) reflecting the fact that the Lie algebroid is N–anholonom-
ic.
J. Vilms [63] showed that any N–connection in a vector bundle E provides
a linear connection in the vertical subbundle vE . Such linear connections are
called Berwald connections after the name of the geometer who introduced
them originally in the Finsler geometry, see details and historical remarks
in [28, 29, 2, 48]. The construction also holds for the Lie algebroids:
Definition 3.3 The Berwald connection with local coefficients
N
a
bi + vbN
a
i(x, y) and N
a
be + 0
is associated to a N–connection N = {Nai} and defines a covariant derivative
D on sections in the vertical vector subbundle vE.
By using local expressions
Deivb = vb(N
c
i) vc and Dvcvb = 0,
a d–vector X =Xiei +X
bvb ∈ E and section
⋆B = Bbvb ∈ vE, we prove by
direct component computations:
Proposition 3.2 The Berwald covariant derivative D has the local expres-
sion
DX (
⋆B) + X·D =
[
Xi
(
∂iB
a − (vbN
a
i ) B
b
)
+XbvbB
a
]
va.
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By definition, the Berwald connection is different from the notion of E–
connection in a vector bundle (see, for instance, [9, 8, 14, 5]) which was
introduced for sections in holonomic Lie algebroids and vector bundle maps.
Roughly speaking, the standard Lie algebroid constructions consider viel-
beins, connections, metrics, maps... on sections of vector bundles related to
the structure functions ρia(x) and C
f
ab(x) depending on base coordinates x
i.
3.2 N–connections on prolongations of Lie algebroids
The aim of this subsection is to elaborate a general N–connection formalism
on any LπE provided with a nonintegable distribution of type (71).
Let us consider the projection pr : LπE → E, when (u, z) → pr(u, z) =
u, and introduce the vertical subbundle
v LπE = {(u, z) ∈ LπE; ππ(u, z) = 0}.
In this case, one has the projection pr|v LπE : v L
πE → E in a vector
subbundle of pr : LπE → E allowing to define an exac sequence of vector
bundles:
0 // vLπE
pr
$$H
HH
HH
HH
HH
H
◦i
// LπE
pr

p
// LπE/vLπE
pr
xxqq
qq
qq
qq
qq
q
// 0
E
(18)
We denote by h : LπE → zLπE the complementary projection corre-
sponding to h : LπE → vLπE when there are satisfied the conditions
h2 = h, v2 = v, vh = hv = 0 and h+ v = Id.
Definition 3.4 A nonlinear connection (N–connection) ◦N on a Lie al-
gebroid LπE is defined by an exact sequence (18), i.e. by a morphism of
subspaces ◦N : LπE → v LπE such that interior product ◦N• ◦i results in
identity in the vertical subbundle v LπE (the kernel ker ◦π⊺ + v LπE, for
◦π⊺ : LπE → TE) where ◦i : vLπE → LπE is an inclusion mapping.7
We can say, equivalently, that a N–connection is defined by a Whitney
sum of type (71) defining a general nonholonomic structure,8
LπE = h LπE ⊕ v LπE.
7The label ” ◦” points that the geometric objects are defined just for algebroid config-
urations and not for some nonholomic vectotr bundles or nonholonomic manifolds.
8It should be emphasized that we can similarly define a N–connection by using the
splitting TLπE = h TLπE ⊕ v TLπE, but this would be a higher order structure if
E = TM, when LπTM = TTM.
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Definition 3.5 A (prolongated) Lie algebroid LπE + (E, π[·, ·], πρ) is N–
anholonomic (in brief, is a prolongation Lie N–algebroid) if it is provided
with a N–connection structure ◦N.
A N–connection ◦N may be described by its coefficients,
◦N = N ba′ z˜
a′ ⊗ v˜b,
where c˜A = (z˜b, v˜a) are defined by (7) playing the role of local coordi-
nate base (nevertheless, being in general nonholonomic because of nontrivial
structure functions Cabc(x)) on L
πE. There are also nonholonomic operators
(local bases)
cA = (za = z˜a − N
b
avb, va = v˜a) (19)
and
cA = (za = z˜a, va = va + Nab′z
b′) (20)
which for a general ◦N define respectively ”N–elongated” partial derivatives
and differentials stating a N–adapted differential calculus on prolongated Lie
N–algebroids.
Theorem 3.1 Any N–connection ◦N on a prolongated Lie algebroid LπE
induces a N–connection N on the associated vector bundle E . The inverse
statement also holds true.
Proof. Let us consider a Lie algebroid N–connection
◦N = Nab′ z˜
b′ ⊗ v˜a = N
a
b ρ
i
a
∂
∂xi
⊗ dub,
where we have used the formulas (74), (6) and (7). Identifying N ib′ +
Nab′ ρ
i
a, we obtain a N–connection on E . In order to proof the inverse state-
ment, we have consider a N–connection on the vector bundle and to ’lift’ it
to LπE by using similar inverse formulas. 
The curvature ◦Ω of a N–connection ◦N is just the Nijenhuis tensor on
LπE,
◦Ω + − ◦Nv =
1
2
Ωba′e′ z˜
a′ ∧ z˜e
′
⊗ v˜b
with the coefficients
Ωab′c′ = ρ
j
b′
∂ Nac′
∂xj
− ρic′
∂ Nab′
∂xi
+ N eb′
∂Nac′
∂ue
− N ec′
∂ Nab′
∂ue
. (21)
computed as those from (78) but for a general (not derived from a La-
grangian) N–connection. We omitted the label ” ◦” in formulas (79) because
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the algebroid character of geometric objects is identified already by ”primed”
indices of type a′, b′... (we shall use this rule for our further considerations
in order to omit dubbing of labels).
Definition 3.6 The Lie algebroid Berwald connection with local coefficients
N
a
be′ + v˜b(N
a
e′) and N
a
be′ + 0
is associated to a N–connection ◦N = {Nab′} and defines a covariant deriva-
tive D on sections in the vertical vector subbundle vLπE.
One holds the
Proposition 3.3 The Berwald covariant derivative D on LπE has the local
expression
DX (
⋆B) + ◦X·D =
[
Xb
′
(z˜b′B
a − (v˜c N
c
b′) B
a) + ⋆Xev˜eB
a
]
v˜a..
Proof. It is evident if we component computations with
Deza′ v˜b = v˜b(N
c
a′) v˜c and Dvc v˜b = 0,
for a d–vector ◦X =XAc˜A = X
a′ z˜a′ + X
bv˜b ∈ L
πE and section ⋆B =
Bbvb ∈ vE mapped into B
bv˜b ∈ vL
πE.
We emphasize that the N–connection formalism is a natural one for
investigating physical systems with mixed sets of holonomic–anholonomic
variables. The imposed anholonomic constraints (anisotropies) are char-
acterized by the coefficients of N–connection defining a global splitting of
the components of geometrical objects with respect to some ’horizontal’
(holonomic) and ’vertical’ (anisotropic) directions. In brief, we shall use
respectively the terms h- and/or v–components, h- and/or v–indices, and h-
and/or v–subspaces which on Lie algebroids are correspondingly substituted
into z– and v–components
A N–connection structure on LπE defines the algebra of tensorial dis-
tinguished (by the N–connection structure) fields dT (LπE) (d–fields, d–
tensors, d–objects, if to follow the terminology from [28, 29, 43]) on LπE
introduced as the tensor algebra T = {T prqs } of the distinguished tangent
bundle V(d), pd : hL
πE ⊕ vLπE → LπE. An element t ∈ T prqs , a d–tensor
field of type
(
p r
q s
)
, can be written in local form as
t = t
c′
1
...c′pa1...ar
e1...eqb
′
1
...b′r
(u) zc′
1
⊗ ...⊗zc′p⊗va1⊗ ...⊗var ⊗v
e1⊗ ...⊗veq ⊗zb
′
1 ...⊗zb
′
r .
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3.3 Algebroid d–connection and d–metric structures
The Lie algebroid d–objects are defined in a coordinate free form as geo-
metric objects adapted to the N–connection structure on a prolongated Lie
algebroid LπE. In coordinate form, we can characterize such objects (lin-
ear connections, metrics or any tensor field) by certain group and coordinate
transforms adapted to the global space splitting (71) into z- and v–subspaces
(z–projections on LπE play the role of h–projections on E).
3.3.1 d–connections
We analyze the general properties of the class of linear connections which
are adapted to the N–connection structure on LπE.
Definition 3.7 A d–connection D on LπE is defined as a linear connection
conserving under a parallelism the global decomposition (71).
A N-connection induces decompositions of d–tensor indices into sums of
horizontal and vertical parts, for example, for every d–vector ◦X ∈ V(d) and
its dual, i. e. 1-form, ◦X we have respectively
◦X = ◦X + ⋆X and ◦X = ◦X + ⋆X.
For simplicity, we shall not use boldface symbols for d–vectors and d–forms
as well we shall omit the Lie algebroid label ”◦” if this will not result in
ambiguities. We can associate to every d–covariant derivation DX =
◦X⌋D
two new operators of z- and v–covariant derivations, DX =
◦DX +
⋆DX ,
defined respectively
◦DX
◦Y = D ◦X
◦Y and ⋆DX
◦Y = D ⋆X
◦Y,
for which the following conditions hold:
DX
◦Y = ◦DX
◦Y + ⋆DX
◦Y, (22)
◦DXf = (
◦X)f and ⋆DXf = (
⋆X)f.
for any ◦X, ◦Y ∈ LπE and any function f on E.
The N–adapted components ΓABC of a d-connection DA = cA⌋D are
defined by the equations
DAcB = Γ
E
ABcE ,
20
from which one immediately follows
ΓEAB = (DAcB)⌋c
E . (23)
The operations of c- and v-covariant derivations, ◦Dc = (L
a
bc, L
a′
b′c ) and
⋆Dc′ = (K
a
bc′ , K
a′
b′c′) (see (22)) are introduced as the corresponding c- and
v–parametrizations of (23),
La
′
b′e′ = (De′zb′)⌋z
a′ , Labe′ = (De′vb)⌋v
a (24)
Ka
′
b′c = (Dczb′)⌋z
a′ , Kabc = (Dcvb)⌋v
a. (25)
A set of h–components (24) and v–components (25), distinguished in the
form ΓEAB = (L
a′
b′e′ , L
a
be′ ;K
a′
b′c, K
a
bc), completely defines the local action of
a d–connection D in LπE. For instance, having taken a Lie algebroid d–
tensor field of type
(
1 1
1 1
)
, s = sb
′a
e′fzb′ ⊗ va ⊗ z
e′ ⊗ vf , and a d–vector
◦X = Xa
′
za′ +X
bvb we can write
DXs =
◦DXs+
⋆DXs =
(
Xd
′
sb
′a
e′f |d′ +X
csb
′a
e′f⊥c
)
zb′ ⊗ va ⊗ z
e′ ⊗ vf ,
where the z–covariant derivative is
sb
′a
e′f |d′ = zd′(s
b′a
e′f ) + L
b′
h′d′s
h′a
eb + L
a
cd′s
b′c
e′f − L
h′
e′d′s
ba
h′f − L
c
fd′s
b′a
e′c
and the v–covariant derivative is
sb
′a
e′f⊥c = vcs
b′a
e′f +K
b′
h′cs
h′a
e′f +K
a
dcs
b′d
e′f −K
h′
e′cs
b′a
h′f − K
d
fcs
b′a
e′f .
For a scalar function f we have
◦Da′f = za′f = z˜a′f − N
b
a′ v˜bf = za′f + C
b
a′eu
evbf − N
b
a′vbf
= ρia′
∂f
∂xi
− N ba′
∂f
∂ub
,
⋆Dcf = vcf = vaf =
∂f
∂uc
,
where the action of the N–elongated operators cA = (za, va) is stated
consequently by the formulas (19), (74), (6) and (7). We note that such
formulas are written in abstract index form and specify for d–connections
the covariant derivation rule.
21
3.3.2 Metric structures and d–metrics
We consider arbitrary metric structures on a Lie algebroid LπE and state
the possibility to adapt them to N–connection structures.
Definition 3.8 A metric ◦g on a Lie algebroid LπE is defined as a sym-
metric covariant tensor field of type (0, 2) , gAB, being nondegenerate and of
constant signature.9
We write a N–connection ◦N ={ N bb′} and a metric structure
◦g = gAB c˜
A ⊗ c˜B (26)
on LπE, where we underline the indices considering that the basis c˜A being
dual to (7). The introduced geometric objects are mutually compatible if
there are satisfied the conditions
◦g (z˜a, v˜b) = 0, or equivalently,
◦gab′ − N
c
b′hac = 0, (27)
where hab +
◦g (v˜a, v˜b) and
◦gb′a +
◦g (z˜b′ , v˜a) resulting in
N bc′ = h
ab ◦gc′a (28)
(the matrix hab is inverse to hab; for simplicity, we have not underlined the
indices in the last formula). We obtain a z–v–decomposition of metric (in
brief, d–metric)
◦g( ◦X, ◦Y)= z ◦g( ◦X, ◦Y) + v ◦g( ◦X, ◦Y), (29)
where the d-tensor z ◦g( ◦X, ◦Y) = g(X, ⋆Y ) is of type
(
0 0
2 0
)
and the
d-tensor v ◦g( ◦X, ◦Y)= h( ⋆X, ⋆Y ) is of type
(
0 0
0 2
)
. With respect
to a N–coframe (75), the d–metric (29) is written
◦g = gABc
A ⊗ cB = ga′b′z
a′ ⊗ zb
′
+ habv
a ⊗ vb, (30)
9Metric structures are considered also in the case of transitive Courant algebroids when
the Lie type bracket is changed into a a more general product with deformations induced
by the metric structure [62]. In our case, we shall also obtain certain deformations of
the Lie structure by the N–connections which can be treated as some off–diagonal metric
terms.
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where ga′b′ +
◦g (za′ , zb′) . The d–metric (30) can be equivalently written
in ”off–diagonal” form (26) if the basis of dual vectors consists from the
coordinate differentials,
◦gAB =
[
ga′b′ +N
a
a′N
b
b′hab N
e
e′hae
N ea′hbe hab
]
. (31)
It is easy to check that one holds the relations
◦gAB = e
A
A e
B
B
◦g
AB
or, inversely,
◦g
AB
= eAA e
B
B
◦gAB
for respective vielbein transforms which prove that a N–connection structure
can be associated to a prescribed ansatz of vielbein transforms
A
A
A = e
A
A =
[
e
a
a N bae
a
b
0 e
a
a
]
, (32)
ABB = e
B
B =
[
eaa −N
b
a e
a
a
0 eaa
]
, (33)
in a particular case e
a
a = δ
a
a with δ
a
a being the Kronecker symbol, defin-
ing a global splitting of LπE into z– and v–subspaces with the N–vielbein
structure
cA = e
A
A cA and c
B = eBBc
B .
A metric, for instance, parametrized in the form (31) is generic off–
diagonal if it can not be diagonalized by any coordinate transforms. If the
anholonomy coefficients (78) vanish for a such parametrization, we can define
certain coordinate transforms to diagonalize both the off–diagonal form (31)
and the equivalent d–metric (30).
Definition 3.9 The nonmetricity d–field
Q = QABc
A ⊗ cB
on a Lie algebroid πLE provided with a N–connection structure is defined by
a d–tensor field with the coefficients
QAB + −D
◦gAB (34)
where the covariant derivative D is for a d–connection ΓEA = Γ
E
ABc
B , see
(23) with the respective splitting ΓEAB = (L
a′
b′e′ , L
a
be′ ;K
a′
b′c, K
a
bc), in order
to be adapted to the N–connection structure.
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A linear connection DX is compatible with a d–metric
◦g if
DX
◦g = 0, (35)
i. e. if QAB ≡ 0. In a space provided with N–connection structure, the
metricity condition (35) may split into a set of compatibility conditions on
v- and v– subspaces. We should consider separately which of the conditions
◦D( ◦g) = 0, ⋆D( ◦g) = 0, ◦D( ⋆g) = 0, ⋆D( ⋆g) = 0 (36)
are satisfied, or not, for a given d–connection D = (ΓEAB).
Definition 3.10 A prolongated N–anholonomic algebroid LπE is metric–
affine if it is provided with a nontrivial nonmetricity structue Q = QABc
A⊗
cB .
By acting on forms with the covariant derivative D, on a metric–affine N–
anholonomic algebroid, we can also define another very important geometric
objects (the ’gravitational field potentials’ on Lie algebroids):
torsion T A + DcA = dcA + ΓAB ∧ c
B , (37)
and
curvature RAB + DΓ
A
B = dΓ
A
B − Γ
E
B ∧ Γ
A
E. (38)
The Bianchi identities are
DQAB ≡ RAB +RBA, DT
A ≡ R AE ∧ c
E and DR AE ≡ 0, (39)
where we stress the fact that QAB,T
A and RAB are called also the strength
fields of a metric–affine theory on a N–anholonomic algebroids (we use the
terms considered in [47]).
3.4 Torsions and Curvatures on Lie N–Algebroids
We define and calculate the components of torsion and curvature of a general
d–connection D on a Lie N–algebroid LπE.
3.4.1 d–torsions and N–connections
We give a definition being equivalent to (37) but in d–operator form:
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Definition 3.11 The torsion T of a d–connection D = ( ◦D, ⋆D) on
LπE is defined as an operator (d–tensor field) adapted to the N–connection
structure
T ( ◦X, ◦Y) = D ◦X
◦Y−D ◦Y
◦X − [ ◦X, ◦Y] . (40)
One holds the following c- and v–decompositions
T ( ◦X, ◦Y)=T ( ◦X, ◦Y )+T ( ◦X, ⋆Y )+T ( ⋆X, ◦Y )+T ( ⋆X, ⋆Y ) .
(41)
We consider the projections:
cT ( ◦X, ◦Y) + ◦T ( ◦X, ◦Y) , vT ( ◦X, ◦Y ) + ⋆T ( ◦X, ◦Y ) ,
cT ( ◦X, ◦Y ) + ◦T ( ◦X, ◦Y ) , ...
and say that, for instance, ◦T ( ◦X, ◦Y ) is the z(zz)-torsion of D,
⋆T ( ◦X, ◦Y ) is the v(zz)-torsion of D and so on.
The torsion (40) is locally determined by five d–tensor fields, d–torsions
(N–adapted z–v–decompositions with respect to cA = (za′ ,va) and c
A =
(za
′
,va), when it is convenient to use primed abstract indices for the c–
components of local bases) defined
T a
′
b′c′ +
◦T (zb′ , za′)⌋z
a′ , T ab′c′ =
⋆ (zb′ , za′)⌋v
a,
T a
′
b′b =
◦T (vb, zb′)⌋z
a′ , T ab′b =
◦T (vb, zb′)⌋v
a,
T abc =
⋆T (vc,vb)⌋v
a.
Using the formulas (19), (20), and (21), we can calculate the c- and v–
components of torsion (41) for a d–connection, i. e. we prove
Theorem 3.2 The torsion T A.BE = (T
a′
.b′c′ , T
a′
b′a, T
a
.a′b′ , T
a
.bb′ , T
a
.bc) of a given d–
connection ΓABE =
(
La
′
b′e′ , L
a
be′ ,K
a′
b′c,K
a
bc
)
(23) is defined by the correspond-
ing z- and v–components (d–torsions)
T a
′
.b′e′ = −T
a′
e′b′ = L
a′
.b′e′ − L
a′
e′b′ , T
a′
b′a = −T
a′
ab′ = K
a′
b′a,
T a.b′a′ = −T
a
.a′b′ = Ω
a
.b′a′ , T
a
.bc = −T
a
.cb = K
a
bc −K
a
cb,
T a.bb′ = −T
a
.b′b =
∂ Naa′
∂ub
− La.ba′ . (42)
We note that for (pseudo) Riemannian structures on Lie N–algebroids
the d–torsions can be induced by the N–connection coefficients and reflect
the nonholonomic character of the the corresponding manifold provided with
a nonintegrable distribution. Such objects vanishes when we transfer our
considerations with respect to holonomic bases for a trivial N–connection
and zero ”vertical” dimension.
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3.4.2 d–curvatures and N–connections
In operator form, the curvature (38) is stated from the
Definition 3.12 The curvature R of a d–connection D = ( ◦D, ⋆D) on
LπE is defined as an operator (d–tensor field) adapted to the N–connection
structure
R ( ◦X, ◦Y) ◦Z =
(
D ◦XD ◦Y −D ◦YD ◦X −D[ ◦X, ◦Y]
)
◦Z. (43)
One holds certain properties for the z- and v–decompositions of curva-
ture, R()= ( ◦R(), ⋆R()) , when
⋆R ( ◦X, ◦Y) ◦Z = 0, ◦R ( ◦X, ◦Y) ◦Z=0,
R ( ◦X, ◦Y) ◦Z = ◦R ( ◦X, ◦Y) ◦Z+ ⋆R ( ◦X, ◦Y) ⋆Z,
where, for instance, ◦Z = ( ◦Z, ⋆Z). From (43) and the equation
R ( ◦X, ◦Y)= −R ( ◦Y, ◦X) ,
we get that the curvature of a d-connection D in LπE is completely deter-
mined by the following six d–tensor fields (d–curvatures):
Ra
′
e′b′c′ = z
a′⌋R (zc′ , zb′) ze′ , R
a
bb′e′ = v
a⌋R (ze′ , zb′)vb, (44)
P a
′
b′c′c = z
a′⌋R (vc, zc′) zb′ , P
a
bc′c = v
a⌋R (vc, zc′)vb,
Sa
′
b′bc = z
a′⌋R (vc,vb) zb′ , S
a
bcd = v
a⌋R (vd,vc)vb.
By a direct computation, using (19), (20), (24), (25) and (44), we prove
Theorem 3.3 The curvature
RA.BEM = (R
a′
e′b′c′ , R
a
bb′e′ , P
a′
b′c′c, P
a
bc′c, S
a′
b′bc, S
a
bcd)
of a d–connection ΓABC (23) is defined by the corresponding z- v–components
(d–curvatures)
Ra
′
e′b′c′ = zc′(L
a′
.e′b′)− zb′(L
a′
.e′c′) + L
d′
.e′b′L
a′
d′c′ − L
d′
.e′c′L
a′
d′b′ −K
a′
.e′aΩ
a
.b′c′ ,(45)
Rabb′e′ = ze′(L
a
.bb′)− zb′(L
a
.be′) + L
c
.bb′L
a
.ce′ − L
c
.be′L
a
.cb′ −K
a
.bc Ω
c
.b′e′ ,
P a
′
e′b′a = va(L
a′
.e′b′)−
(
zb′(K
a′
.e′a) + L
a′
.d′b′K
d′
.e′a − L
d′
.e′b′K
a′
.d′a − L
c
.ab′K
a′
.e′c
)
+Ka
′
.e′bT
b
.b′a,
P cba′a = va(L
c
.ba′)−
(
za′(K
c
.ba) + L
c
.da′K
d
.ba − L
d
.ba′K
c
.da − L
d
.aa′K
c
.bd
)
+Kc.bdT
d
.a′a,
Sa
′
b′bc = S
i
jbc = vc(K
a′
.b′b)− vb(K
a′
.b′c) +K
e′
.b′bK
a′
.e′c −K
e′
.b′cK
a′
e′b,
Sabcd = vd(K
a
.bc)− vc(K
a
.bd) +K
e
.bcK
a
.ed −K
e
.bdK
a
.ec.
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The components of the Ricci d-tensor
RAB + R
E
ABE
with respect to a locally adapted frame (19) has four h- v–components,
RAB = (Ra′b′ , Ra′a, Raa′ , Sab) , where
Ra′b′ = R
c′
a′b′c′ , Ra′a = −
2Pa′a = −P
b′
a′b′a, (46)
Raa′ =
1Paa′ = P
b
aa′b, Sab = S
c
abc.
We point out that because, in general, 1Paa′ 6=
2Pa′a the Ricci d–tensor is
non symmetric.10
Having defined a d–metric of type (30) in LπE, we can introduce the
scalar curvature
←−
R of a d–connection D,
←−
R = gABRAB =
◦R+ ⋆S, (47)
where ◦R = ga
′b′Ra′b′ and
⋆S = habSab and define the distinguished form
of the Einstein tensor (the Einstein d–tensor),
GAB + RAB −
1
2
gAB
←−
R. (48)
The Ricci and Bianchi identities (39) of d–connections are formulated
in terms of z- and v–forms on vector bundle [28, 29]. In a similar form, by
using operators on LπE, we can formulate them in component form on Lie
N–algebroids (we omit in this work such cumbersome formulas).
3.5 Classes of d–connections
In this section, we analyze a set of linear connections and associated co-
variant derivations being important for modelling of mechanics and gravi-
tational field interactions on Lie N–algebroids provided with anholonomic
frame structure and generic off–diagonal metrics.
3.5.1 The Levi–Civita connection and N–connections
By definition, the Levi–Civita connection ◦∇ = { ∇ΓABE} on L
πE, with
coefficients
∇ΓABE =
◦g (cA,∇EcB) = gAF
∇ΓFE, (49)
10We note that we consider such h- and v–splitting which are adapted to the N–
connection decomposition into subspaces as the Whitney sum: a h–component can not
be transformed into a v–term and inversely.
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is torsionless,
∇T A + ◦∇cA = dcA + ∇ΓABE ∧ c
B = 0,
and metric compatible, ◦∇( ◦g) = 0. The formula (49) states that the oper-
ator ◦∇ can be considerid on spaces provided with N–connection structure
but this linear connection is not adapted to the N–connection splitting (71),
i. e. it is not a d–connection, see Definition 3.7 (so, we do not use a ’bold-
faced’ symbol for the Levi–Civita connection). One holds
Theorem 3.4 If a Lie N–algebroid LπE is provided with both N–connection
◦N and d–metric ◦g = {gAB} structures, there is a unique linear symmetric
and torsionless connection ◦∇= {∇E} , being metric compatible such that
∇E gAB = 0 for gAB = (ga′b′ , hab) , see (30), with the coefficients
∇ΓABE =
◦g (cA,∇EcB) = gAD
∇ΓDBE ,
where
∇ΓABE =
1
2
[cBgAE + cEgBA − cAgEB (50)
+gAK W
K
EB + gBK W
K
AE − gEK W
K
BA]
with respect to N–adapted frames cA (19) and N–coframes c
A (20), when
the nonholonomy coefficients WKAB are defined by formulas (78).
Proof. It is a straightforward calculation in order to verify the metricity
and torsionless conditions with respect to nonholonomic frames, like it is
given, for instance, in [37, 31] for the case of (pseudo) Riemannian spaces.
In our case the geometric objects and abstract indices are defined for a
prolongated Lie N–algebroid LπE. 
We can introduce the 1-form formalism and express
∇Γ EA =
∇ΓEABc
B
where
∇Γ EA =
1
2
[
cE⌋ dcA − cA⌋ dcE − (cE⌋ cA⌋ dcB) ∧ c
B
]
, (51)
contains z- v-components, ∇ΓEAB =
(
∇La
′
b′c′ ,
∇Labc′ ,
∇Ka
′
b′c,
∇Kabc
)
,
defined similarly to (24) and (25) but using the operator ∇,
∇La
′
b′c′ = (∇c′zb′)⌋z
a′ , ∇Laba′ = (∇a′vb)⌋v
a,
∇Ka
′
b′c = (∇czb′)⌋z
a′ , ∇Kabc = (∇cvb)⌋v
a.
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In explicit form, the components La
′
▽b′c′ , L
a
▽ba′ ,K
a′
▽b′c and K
a
▽bc are defined
by the formula (51), the N–adapted frame cA and coframe c
B and a d–
metric ◦g =
(
ga′b′,hab
)
.
3.5.2 The canonical d–connection and the Levi–Civita connec-
tion
We search a d–connection which is similar to the Levi–Civita connection sat-
isfying the metricity conditions adapted to the N–connection and possessing
some flexibility on existing of nontrivial d–torsion components.
Proposition 3.4 There are metric d–connections D=( ◦D, ⋆D) in a Lie
N–algebroid LπE, see (22), satisfying the metricity conditions if and only
if
◦Da′gb′c′ = 0,
⋆Dagb′c′ = 0,
◦Da′hab = 0,
⋆Dahab = 0. (52)
A proof consists from an explicit example:
Definition 3.13 The canonical d–connection D̂=
(
◦D̂, ⋆D̂
)
, equivalently
Γ̂EA = Γ̂
E
ABc
B , is defined by the h– v–components
Γ̂EAB =
(
L̂a
′
b′c′ , L̂
a
bc′ , K̂
a′
b′c, K̂
a
bc
)
,
where
L̂a
′
b′c′ =
1
2
ga
′e′ (zc′gb′e′ + zb′gc′e′ − ze′gb′c′) , (53)
L̂abc′ = vb (N
a
c′) +
1
2
hac
(
zc′hbc − vb
(
Ndc′
)
hdc − vc
(
Ndc′
)
hdb
)
,
K̂a
′
b′c =
1
2
ga
′e′vcge′b′ ,
K̂abc =
1
2
had (vchbd + vbhcd − vdhbc) .
satisfying the torsionless conditions for the c–subspace and v–subspace, re-
spectively, T̂ a
′
b′c′ = 0 and T̂
a
bc = 0.
By straightforward calculations with (53) we can verify that the condi-
tions (52) are satisfied and that the d–torsions are really subjected to the
conditions T̂ a
′
b′c′ = 0 and T̂
a
bc = 0 (see section 3.4)). We emphasize that the
canonical d–torsion posses nonvanishing torsion components,
T̂ a.b′c′ = −T̂
a
.c′b′ = Ω
a
.b′c′ , T̂
b′
a′a = −T̂
b′
aa′ = K̂
b′
.a′a,
T̂ a.bb′ = −T̂
a
.b′b = vb (N
a
b′)− L̂
a
.bb′
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which reflects a nontrivial anholonmic frame structure on Lie N–algebroids.
Proposition 3.5 The components of the Levi–Civita connection ΓE▽BA and
the components of the canonical d–connection Γ̂EBA are related by formulas
ΓE▽BA =
(
L̂a
′
b′c′ , L̂
a
bb′ − vb (N
a
b′) , K̂
a′
b′c +
1
2
ga
′e′Ωab′e′hca, K̂
a
bc
)
, (54)
where Ωaa′b′ is the N–connection curvature (69).
The proof follows from an explicit calculus with respect to the N–
adapted frame (19) and N–adapted coframe (20) in (50) (equivalently, in
(51)) and re–groupation of the components as to distinguish the z- and v–
components (53) for gAB = (ga′a′ , hab) .
3.5.3 The set of metric d–connections
Let us define the set of all possible metric d–connections, satisfying the
conditions (52) and being constructed only form ga′b′ , hab and N
a
a′ and
their partial derivatives. Such d–connections satisfy the conditions for d–
torsions that T a
′
b′c′ = 0 and T
a
bc = 0 and can be generated by two procedures
of deformation of the connection
Γ̂EAB →
[K]ΓEEAB = Γ
E
AB + Z
E
AB ,
or → [M ]Γγαβ = Γ̂
γ
αβ +
[M ]Z
γ
αβ .
Theorem 3.5 Every deformation d–tensor (equivalently, distorsion, or de-
flection)
ZEAB = { Z
a′
b′c′ =
1
2
ga
′e′ ◦Db′ge′c′ , Z
a
bb′ =
1
2
hac ◦Db′hcb,
Zb
′
a′a =
1
2
gb
′e′ ⋆Dage′a′ , Z
a
bc =
1
2
had ⋆Dchdb}
transforms a d–connection ΓEAB =
(
La
′
b′c′ , L
a
bc′ ,K
a′
b′c,K
a
bc
)
(23) into a metric
d–connection
[K]ΓEAB =
(
La
′
b′c′ + Z
a′
b′c′ , L
a
bc′ + Z
a
bc′ ,K
a′
b′c + Z
a′
b′a, C
a
bc + Z
a
bc
)
.
Proof. The proof consists from a straightforward verification that the
conditions (52) are satisfied for [K]D= {[K]ΓE
AB
} and gAB = (ga′b′ , hab) .We
note that this metrization procedure contains additional covariant deriva-
tions of the d–metric coefficients, defined by arbitrary d–connection, not
only N–adapted derivatives of the d–metric and N–connection coefficients
as in the case of the canonical d–connection.
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Theorem 3.6 For a fixed d–metric structure (30), gAB = (ga′b′ , hab) , on
a Lie N–algebroid LπE, the set of metric d–connections
[M ]ΓEAB = Γ̂
E
AB +
[M ]ZEAB
is defined by the deformation d–tensor
[M ]ZEAB = {
[M ]Za
′
b′c′ =
[−]Ol
′a′
c′m′Y
m′
l′b′ ,
[M ]Zabc′ =
[−]OeabdY
m
ec′ ,
[M ]Za
′
b′a =
[+]Om
′a′
b′k′ Y
k′
m′a,
[M ]Zabc =
[+]OeabdY
d
ec}
where the so–called Obata operators are
[±]Ol
′a′
c′m′ =
1
2
(
δl
′
c′δ
a′
m′ ± gc′m′g
l′a′
)
and [±]Oeabd =
1
2
(δebδ
a
d ± hbdh
ea)
and Y m
′
l′b′ , Y
m
ec′ , Y
k′
m′c, Y
d
ec are arbitrary d–tensor fields.
Proof. The proof consists from a direct verification of the fact that the
conditions (52) are satisfied on LπE for [M ]D= {[M]ΓE
AB
}. We note that
the relation (54) between the Levi–Civita and the canonical d–connection
is a particular case of [M ]ZEAB , when Y
m′
l′b′ , Y
m
ec′ and Y
d
ec are zero, but Y
k′
m′c is
taken to have [+]Om
′c′
a′b′ Y
b′
m′c =
1
2g
c′b′Ωaa′b′hca.
4 N–Connections, Geometric Mechanics and Lie
Algebroids
The general idea on geometrization of mechanics on the tangent /cotan-
gent bundle and/or on Lie algebroids is that a regular (for simplicity) La-
grangian, or Hamiltonian, define the fundamental geometric objects of the
model. There were elaboratede two general approaches: In the first one,
the basic geometric constructions are derived from the so–called Poincare´–
Cartan 1-form, the Poincare´–Cartan 2-form and the energy function (see
[1, 20]) permitting us to geometrize the Euler–Lagrange equations in terms
of the (pre-) sympletic geometry. In the second approach, there are empha-
sized the (semi) spray configuration and associated N–connection, canonical
metric and linear connection, almost complex/sympletic ... structures, all
adapted to a N–connection (see [30]). In this Section, we state the main
results and outline the proofs for Lie algebroid constructions in the second
approach to geometrization of mechanics and classical field theory. We refer
to [64, 8, 14, 19] and [28, 29, 48] for respective details and proofs on alge-
broid geometrization of the Euler–Lagrange equations and N–connections
on the tangent bundle, i.e. to details on the first approach.
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4.1 Lie algebroids, vector bundles, and the Lagrange formal-
ism
Let T˜M + TM\{0}, dimM = n, where {0} means the null section of the
tangent bundle τM : TM →M, and L : TM → IR be a Lagrangian function.
Fixing the local coordinates (xi, yi), the elements of the Hessian are defined
Lgij +
1
2
∂2L
∂yi∂yj
, (55)
when, for simplicity, we consider that the regularity condition is satisfied, i.
e. rank
(
Lgij
)
= n. We shall also use the matrix ( Lgij) inverse to ( Lgij).
Definition 4.1 A Lagrange space is a pair Ln = (M,L) defined by a regular
Lagrangian L(xi, yk) for which Lgik is of constant signature on T˜M.
We can elaborate a similar construction on a Lie algebroid A with π :
E → M and ππ : L
πE → E for a Lagrangian l : E → IR which defines a
Lagrange fundamental function l(x, u) on E˜ + E/{0}E , where {0}E is the
null section of the vector bundle π : E →M, with
lgab +
1
2
∂2 l
∂ua∂ub
, (56)
being nondegenerate, i. e. rank
(
lgab
)
= m, where m is the dimension of
the typical fiber of E, and of constant signature.
Definition 4.2 A Lagrange algebroid is a pair LA = (E, l) defined by a
regular Lagrangian l(xi, ua) for which lgab is of constant signature on E˜.
Let us define the basic geometric objects necessary for a geometrization
of the Euler–Lagrange equations in the usual context (see, for instance,
[19, 20]):
1. The Poincare´–Cartan 1–form
θL + S
∗(dL) = pˆidx
i,
where S is the vertical endomorphism on TM , and the generalized
momenta is
pˆi =
∂L
∂yi
.
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2. The Poincare´–Cartan 2-form ωL + −dθL,
ωL = 2
Lgijdy
i ∧ dxj +
∂2L
∂yi∂xj
dxj ∧ dxi = dxi ∧ dpˆi.
3. The energy function
EL + CML− L = y
ipˆi − L,
where ∆ = yi∂/∂yi is the Liouville vector field on TM.
A vector field ξ on TM is said to be a second order differential equation
(SODE, or a semispray) if Sξ = ∆. This allows us to express
ξ = yi
∂
∂xi
+ ξi(x, y)
∂
∂yi
.
A curve γ : IR → M, parametrized γ(t) = {xi(t)}, with the canonical
extension to TM, γ˙(t) + dγ/dt = {xi(t), yi(t)}, is a solution of the SODE ξ
if and only if it is satisfied the equation
d2xi
dt2
= ξi(t, xi,
dxi
dt
)
for yi = dxi/dt, that is, if γ˙ is an integral curve of ξ.
The introduced geometric objects can be redefined for a Lie algebroid
LπE and its dual LπE∗ (see [23, 14] for an intrinsic definition).
1. The Poincare´–Cartan 1–section
θl +
πS∗(dE l) = lpˆac
a ∈ Sec ((LπE)∗) , (57)
where the general momenta is
lpˆa +
∂l
∂ua
.
2. The Poincare´–Cartan 2-section ωl + −d
Lθl,
ωl = 2
lgabz
a ∧ vb +
(
1
2
lpˆeC
e
ab − ρ
j
a
∂2l
∂ub∂xj
)
za ∧ zb. (58)
3. The energy function
El +
π∆(l)− l = lpˆa u
a − l. (59)
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We shall use additional “algebroid” labels like “◦”, ”l”,... (on the left
and right, upper or lower ones, for convenience) for certain algebroid con-
structions if it would be necessary to distinguish them from some geometric
objects on the vector/tangent bundle spaces.
In an intrinsic way, the variational Euler–Lagrange equations [23] can
be geometrized in terms of the introduced three geometrical objects, respec-
tively, on T˜M or on LπE. One holds:
Theorem 4.1 a) For any regular Lagrangian L, there is a unique SODE,
which is called the Euler–Lagrange vector field:
ξL = y
i ∂
∂xi
+
1
2
Lgik(
∂L
∂xk
− yj
∂2L
∂xj∂yk
)
∂
∂yi
on TM such that
iΓLωL = dEL
and its solutions are solutions of the Euler–Lagrange equations
d
dt
(
∂L
∂yi
)
−
∂L
∂xi
= 0 (60)
and yi = x˙i;
b) For any regular Lagrangian l, there is a unique SODE, which is called
the Euler–Lagrange section:
ξl = u
aca +
1
2
lgab(ρib
∂l
∂xi
− ρicu
c ∂
2l
∂xi∂ub
+ ucCecb
∂l
∂ue
)va
on LπE such that
iΓlωl = d
LEl
and its solutions are solutions of the Euler–Lagrange equations
d
dt
(
∂l
∂ua
)
− ρia
∂l
∂xi
+ Ceabu
a ∂l
∂ue
= 0 (61)
for
x˙i = ρibu
b. (62)
Proof. The proof of the results equivalent to the part b) of the Theorem
is considered in [14, 23]. It transforms into a usual one for the geometric
mechanics if the trivial Lie algebroid structures are considered on TM.
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4.2 Geometric structures defined by Lagrangians
A Lagrange space also defines another important geometric objects and
structures (see [30] and references therein, for more details).
4.2.1 The Euler–Lagrange equations as ’nonlinear’ geodesic equa-
tions
For certain purposes of geometric mechanics, it is enough to consider that the
solutions of the Euler–Lagrange equations are defined by a set of nonlinear
geodesic equations.
Theorem 4.2 The Euler–Lagrange equations a) (60) and b) (61) are equiv-
alent to the corresponding ‘nonlinear’ geodesic equations
a) on Lagrange spaces,
dyi
dt
+ 2 LGi(xk, yj) = 0 (63)
where
2 LGi(xk, yk) =
1
2
Lgij
(
∂2L
∂yi∂xk
yk −
∂L
∂xi
)
, (64)
and
b) on Lagrange algebroids,
dua
dt
+ 2 lGa(xk, ua) = 0 (65)
where
2 lGa(xk, ub) =
1
2
lgab
(
∂2l
∂ub∂xi
ρicu
c − Cebcu
c ∂l
∂ue
− ρib
∂l
∂xi
)
(66)
Proof. The proof of part b) of this theorem follows from a straightfor-
ward computation
d
dt
(
∂l
∂ua
)
=
∂2l
∂ua∂xi
dxi
dt
+
∂2l
∂ua∂ub
dub
dt
,
=
∂2l
∂ua∂xi
ρibu
b + 2 lgab
dub
dt
, (67)
where we have taken into account the formulas (56) and (62). Introducing
the (67) into the Euler–Lagrange equations (61) and re–grouping the terms
in order to emphasize the value (66), we obtain the formula (65). The proof
of the part a) may be considered as a trivial limit for the Lie algebroid
structures on TM, which is outlined in explicit form in Refs. [28, 30]. 
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4.2.2 Canonical semispray and N–connection
The semisprays of the previous nonlinear geodesic equations are related to a
fundamental geometric object, the N–connection defined canonically by the
Lagrangian.
Theorem 4.3 The coefficients a) LGi(xk, yk) (64) and b) lGa(xk, ub)
(66) define respectively:
a) the solutions of both type equations (60) and (63) as paths of the canon-
ical semispray
ξL = y
i ∂
∂xi
− 2 LGi
∂
∂yi
and the canonical N–connection structure on Lagrange space,
LN ij +
∂ LGi(x, y)
∂yi
, (68)
and
b) the solutions of both type equations (61) and (65) as paths of the canon-
ical semispray
ξl = u
aρia
∂
∂xi
− 2 lGa
∂
∂ua
and the canonical N–connection structure on Lagrange algebroid,
lNab +
∂ lGa(x, u)
∂ub
. (69)
Proof. The idea to proof the part a) of this theorem is to show that the
coefficients LN ij define a local distribution of h- and v–subspaces, hTxM
and vTxM, for any point x ∈ M. Unifying the construction on all points,⋃
x, we get a global splitting on TTM, i. e. a Whitney sum,
TTM = hTM ⊕ vTM, (70)
as a nonintegrable distribution (nonholonomic structure) into horizontal (h)
and vertical (v) subspaces. This is equivalent to the definition of N–connecti-
on, see, for instance, [28, 29] and the discussion in next Section, related to
the formula (9) when E = TM. The proof of the part b) is related to a
similar proof (via local distributions and their globalization) of existence of
a Whitney sum decomposition
LπE = h LπE ⊕ v LπE (71)
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defined just by lNab(x, u) and l(x, u).
For various geometric applications it is enough to show that such N–
coefficients prescribe a canonical nonholonomic frame structure (on the La-
grange spaces or on the Lagrange algebroid) as we shall do in the next
subsection.
We note that in the presented Proof we consider a nonholonomic (non-
integrable) distribution just for LπE because for E = TM we get LπE =
TTM and (71) transforms into (70). As a matter of principle, for instance,
by considering such splitting on sets of sections with the attempt to define
the Ehressmann connection like in the usual approach [19, 20], it is more
useful to considers splitting of TLπE. In this work, we shall not consider
such type of higher order N–connections which for E = TM are defined for
TTTM.
4.2.3 Canonical nonholonomic frames
Any regular Lagrangians a) L(x, y) and b) l(x, u) prescribe respectively clas-
ses of local (co)frames defined by the canonical N–connection.
Proposition 4.1 There are preferred local nonholonomic (co) bases (equiv-
alently, vielbeins11) induced linearly by the coefficients of the N–connection
structure:
a) on Lagrange spaces,
eα = (ei, vi) = (ei =
∂
∂xi
− LN ji
∂
∂yj
, vi =
∂
∂yi
) (72)
and
eβ = (ei, vi) = (ei = dxi, vi = dyi + LN ij dx
j), (73)
and
b) on Lagrange algebroids,
cA = (za′ = z˜a′ −
lN ba′ v˜b, va = v˜a) (74)
and
cA = (za
′
= z˜a
′
, va = v˜a + lNabz˜
b) (75)
where 1 ≤ a, b ≤ m.
11this term is largely used in modern physical literature
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Proof. The proof follows from the presented formulas for eα, e
β and
cA, c
A depending linearly on N ji and, respectively, N
a
b. For instance, the
vielbeins (72) satisfy the nonholonomy relations
[eα, eβ ] = eαeβ − eβeα =W
γ
αβeγ (76)
with (antisymmetric) nontrivial anholonomy coefficients
1W kij =
∂Nki
∂yj
and 2W kji = Ω
k
ij
where
Ωkij =
∂Nki
∂xj
−
∂Nkj
∂xi
+Npi
∂Nkj
∂yp
−Npj
∂Nki
∂yp
. (77)
Similar nonholonomy relations hold for the algebroid vielbein cA = (za, va),
[cA, cB ] = cAcB − cBcA = W
D
ABcD (78)
but there are additional nontrivial anholonomy coefficients determined by
the nontrivial Lie algebroid structure, ◦WDAB = (
1W bca,
2W bca,
3W bc′a′), with
1W bc′a =
∂ N bc′
∂ua
, 2W bca = C
a
bc, and
3W bca = Ω
b
ca
where
Ωbc′a′ = ρ
j
c′
∂ N ba′
∂xj
− ρia′
∂ N bc′
∂xi
+ N ec′
∂ N ba′
∂ue
− N ea′
∂ N bc′
∂ue
. (79)
So, we conclude that the nonholonomy coefficients are defined by the N–
connection structure. In the trivial case, we obtain holonomic bases.
We note that we omitted, for simplicity, in this Proposition, the labels
”L”, ”l” and ”◦” for the canonical Lagrange N–connection coefficients and
another objects because the abstract indices label already the space for which
the geometric objects are considered. Such formulas hold true for arbitrary
N–connections (see next Section).
In order to preserve a relation with our previous denotations [43, 48],
we note that eα = (ei, vi) and e
α = (ei, vi) are, respectively, the former
δα = δ/∂u
α = (δi, ∂i) and δ
α = δuα = (dxi, δyi) which emphasize that the
operators (72) and (73) define, correspondingly, certain ’N–elongated’ par-
tial derivatives and differentials which are more convenient for calculations
on nonholonomic manifolds. In a similar manner we can argue that the N–
connection elongates certain Lie algebroid local frames to generate vielbeins
both adapted to the N–connection and algebroid structure.
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4.3 Almost Hermitian Mechanics and Lie Algebroids
Any Lagrange space can be “lifted” to an almost Kahlerian structure over
T˜M, see Refs. [28, 29]. Similar lifts can be defined for Lagrange algebroids:
4.3.1 Canonical almost complex structures
By explicit constructions, one proves
Proposition 4.2 The canonical N–connections a) LN ij (68) and b)
lNab
(69) naturally induce, respectively,
a) an almost complex structure F : X (T˜M ) → X (T˜M ), defined for a
tangent bundle TM,
F(ei) = vi and F(vi) = −ei,
and
F = −vi ⊗ e
i + ei ⊗ v
i (80)
satisfies the condition F • F = −I, i. e. FαβF
β
γ = −δαγ , where δ
α
γ is
the Kronecker symbol and X (T˜M ) denotes the module of vector fields
on T˜M ;
b) an almost complex (algebroid) structure ◦F : X (LπE)→ X (LπE),
◦F(za) = va and
◦F( va) = −za,
such that
◦F = −va ⊗ z
a + za ⊗ v
a (81)
satisfies the condition ◦F • ◦F = −I, i. e. FABF
B
D = −δ
A
D.
4.3.2 Canonical metric structures
A regular Lagrangian defines also the canonical metric on Lagrange spaces
(algebroids) constructed by using Sasaki type lifts fromM to T˜M (to LπE)
where the metric tensor is Lgab (55) (or
lgab (56)).
Theorem 4.4 There are canonical metric structures
a) on T˜M, i. e.
Lg = Lgαβe
α ⊗ eβ = Lgij e
i ⊗ ej + Lgij v
i ⊗ vj (82)
and
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b) on LπE,
lg = lgABc
A ⊗ cB = lga′b′ z
a′ ⊗ zb
′
+ lgab v
a ⊗ vb (83)
called distinguished metrics (d–metrics) defined by the corresponding
Lagrangians.
It is possible to prove that Lg and lg does not depend on local tran-
formations of coordinates but, respectively, on L and l.
In a standard manner, by using the metric (82) (or (83)) it is possible
to construct the Levi–Civita connection L∇ (or l∇) on a Lagrange space
(algebroid) which, by definition, satisfies both the metricity, L∇( Lg) = 0,
(or l∇ (lg) = 0) and the torsionless conditions. From a formal point of view,
this geometrizes the Lagrange mechanics in terms of a (pseudo) Riemannian
model on the Lagrange space (or algebroid). But a such approach would con-
sider a linear connection structure which is not adapted to the N–connection
(i. e. to the nonholonomic distribution) which is defined canonically by the
Lagrangian, see section 4.3.4.
The nonholonomic frames (72) (respectively, (74)) induce naturally a
torsion structure via the anholonomy coefficients (76) (respectively, (78)).
We can elaborate a covariant N–adapted differential calculus by considering
a class of linear connections preserving the global splitting (70) (respectively,
(71)), called distinguished (by the N–connection) connections, in brief, d–
connections.12 Such connections may be chosen to satisfy the metricity
condition, but contain a nontrivial torsion component which is defined by
the Lagrangian and, in general, another geometric/physical terms.
4.3.3 Canonical almost sympletic structures
A regular Lagrangian defines a canonical almost sympletic structure via the
canonical N–connection, almost complex structure and metric constructed
on tangent bundles and/or on Lie algebroids.
Theorem 4.5 There are almost Kahlerian models of the a) Lagrange spaces
and b) Lagrange algebroids defined respectively by
a) triads K2n = (T˜M, Lg,F) with the induced almost sympletic 2–form
Lω = Lωαβe
α ∧ eβ = Lgij v
i ∧ ej (84)
and
12for details, see Refs [28, 29, 43] and the subsection 3.3.1 in this work.
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b) triads ◦K2m = (LπE, lg, ◦F) with the induced almost sympletic 2–
section
lω = lωABc
A ∧ cB = lgab v
a ∧ zb. (85)
Proof. It is evident if we define, correspondingly,
a) Lω(eα, eβ) +
Lg(Feα, eβ) and b)
lω(cA, cB) +
lg( ◦FcA, cB)
and consider the components of formulas (82), (80) and (83), (81). 
4.3.4 Canonical d–connection structures
It should noted that the almost Kahler manifolds K2n and ◦K2m transform
into Kahlerian spaces if the N–connection structure is integrable for the
corresponding Lagrange space and Lagrange algebroid.
Definition 4.3 A linear connection D˜ on TM (D˜ on LπE) is said to be a
distinguished connection (d–connection) if it preserves by parallelism (i. e.
by parallel transports defined by the corresponding covariant derivative)the
vertical and horizontal distributions (70) on TM ((71) on LπE).
We consider a particular class of d–connections:
Definition 4.4 A normal (or natural) d–connection D, or D, is adapted to
the almost sympletic structure F for Lagrange spaces, or ◦F for Lagrange
algebroids, when (respectively)
DXF = 0, or D ◦X
◦F = 0,
for any vector field X on TM, or ◦X on TE.
A normal d–connection D is characterized by its coefficients,
Γαβγ=(L
i
jk(x, y), K
i
jk(x, y))
on TM, where
Dekej + L
i
jkei, Dek vj + L
i
jk vi,Dvkej + K
i
jkei, Dvk vj + K
i
jk vi,
and (for Lie algebroids)
D=(Leab(x, u), K
e
ab(x, u))
on TE, denoted
Dcacb + L
e
abce, Dcavb + L
e
abve,Dvacb + K
e
abce, Dvavb + K
e
abve.
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Definition 4.5 A d–connection a) D˜, or b) D˜, is a) h– and/or v–metric,
and b) c– and/or v–metric, respectively, if there are satisfied the conditions:
a) for Lagrange spaces,
D˜k
Lgij = 0 and/or
⋆D˜k
Lgij = 0,
and
b) for Lagrange algebroids,
D˜a
lgbc = 0 and/or
⋆D˜a
lgbc = 0;
a such connection is metric (compatible) if it satisfies both h- and v–
metricity conditions.
The torsion of a d–connection, for instance of D˜, can be defined in com-
ponent free form
T˜ ( ◦X, ◦Y) + D˜ ◦X
◦Y − D˜ ◦Y
◦X− [ ◦X, ◦Y].
Any d–vector decompose in its z– and v–components, ◦Y = zY + vY, for
zY = Yaz
a and vY = Yav
a. Considering such projections, we can decompose
the torsion T˜ (cA, cB) into N–adapted components
zT˜ (za, zb), zT˜ (za,vb), zT˜ (va,vb), vT˜ (za, zb), vT˜ (za,vb), vT˜ (va,vb).
Theorem 4.6 There are almost Kahlerian models of the a) Lagrange spaces
and b) Lagrange algebroids defined by respective unique (canonical) almost
Kahlerian d–connections a) D̂ on TM and b) D̂ on LπE which preserve
by parallelism the vertical distributions and satisfy the conditions:
a) one holds the compatibility with the almost Kahlerian structure
D̂X
Lg = D̂X
Lω = 0 and DXF = 0,
for any vector field X on TM, and the propery of vanishing of the
complete “horizontal” and “vertical” torsions, i. e.
hT̂(ei, ej) = 0 and vT̂(vi, vj) = 0;
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b) one holds the compatibility with the almost Kahlerian structure
D̂ ◦X
lg = D̂ ◦X
lω◦= 0 and D̂ ◦X
◦F= 0,
for any section ◦X on LπE, and the property of vanishing of the
complete ”horizontal” and ”vertical” torsions, i. e.
zT̂ (za, zb) = 0 and vT̂ (va,vb) = 0;
Proof. Let us state that the almost Kahlerian d–connections a) D̂ =
(L̂ijk, K̂
i
jk) and b) D̂ = (L̂
e
ab, K̂
e
ab) are defined by respective coefficients of
the canonical d–connections ,
a) L̂ijk =
1
2
Lgih
(
ek
Lghj + ej
Lghk − eh
Lgjk
)
, (86)
K̂ijk =
1
2
Lgih
(
vk
Lghj + vj
Lghk − vh
Lgjk
)
,
and
b) L̂eab =
1
2
lgac
(
zb
lgca + za
lgcb − zc
lgab
)
, (87)
K̂abc =
1
2
lgac
(
vb
lgca + va
lgcb − vc
lgab
)
.
By straightforward calculations with covariant derivatives defined by the the
coefficients (86) and (87) we can verify that one holds true all conditions of
the theorem.
The existence of canonical almost complex and almost sympletic struc-
tures defined by Lagrangian and/or N–connection is very important for
elaborating an approach to geometric quantization of mechanical systems
modelled on nonholonomic manifolds [11] as well for a rigorous definition of
nonholonomic (anisotropic) Clifford structures and spinors in commutative
and noncommutative spaces [43, 48].
5 Finsler and Hamilton Algebroids
The theory of N–connections and adapted metric and linear connection
structures on prolongated Lie algebroids, elagborated in the previous Sec-
tion, gives rise to a number of possibilities to construct geometric and phys-
ical models on Lie N–anholonomic algebroids and their duals. The aim of
this Section is to consider two such geometries (the Finsler and general-
ized Lagrange algebroids) realized on Lie algebroids and two dual algebroid
geometries (the Hamilton and Cartan algebroids).
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5.1 Finsler and generalized Lagrange algebroids
We analyze in brief two possibilities for the algebroid constructions presented
in Section 3: 1) to constrain them to a Finsler like configuration and 2) to
extend them for generalized Lagrange configurations.
5.1.1 Finsler algebroids
The Finsler geometry was modelled on tangent bundles (the canonical ways
with metric compatible, or not, d–connections, see [27, 3, 28, 29, 2]) and,
more recently, as embedding of N–anholonomic spaces of even dimensions
into Riemann–Cartan and metric–affine manifolds, superbundles and Clif-
ford bundles and on finite projective modules for noncommutative spaces,
see references and discussion from [43, 47, 48]. There is a possibility to
define a new class of ”singular” Finsler geometries on Lie algebroids with
associated vector bundles (which are not tangent bundles, or their mimics
on manifolds of odd dimensions). Such algebroid Finsler configurations can
be modelled on prolongated Lie algebroids.
Definition 5.1 A Finsler algebroid FA = (E, f2) is a Lie algebroid LπE
provided with a fundamental Finsler function f :E → IR satisfying the con-
ditions:
1. f is a scalar differentiable function on the manifold E˜ = E/{0} and
continuous on the null section of π : E →M ;
2. f is a positive function, homogeneous on the fibers of E , i. e. f(x, λu) =
λf(x, u),λ ∈ IR;
3. the Hessian of f2 with elements
fgab =
1
2
∂2f2
∂ua∂ub
(88)
is positively defined on E˜.
There are two general ways to model Finsler algebroids on LπE :
The first one is to say that they consist a particular case of Lagrange
algebroids (see Definition 4.2) when l = f2 and the Hessian (56) transforms
into (88). In this case, we can define an almost Hermitian model of Finsler
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algebroids and restrict all results of the Sections 3 and 4 for metric compat-
ible canonical d–connections derived from l = f2 and respective canonical
N–connection lNab →
fNab, see (69), when
fNab =
∂ fGa
∂ub
=
1
4
∂
∂ub
{
fgac
(
ueρie
∂2f2
∂uc∂xi
− ρkc
∂f2
∂xk
)}
,
the Sasaki type of Finsler d–metric, on LπE, lg = [ ◦g, ⋆g], see (83), i. e.
fg = fgABc
A ⊗ cA = fgab z
a ⊗ zb + fgab v
a ⊗ vb, (89)
and canonical d–connection computed similarly to (87)
L̂eab =
1
2
fgac
(
zb
fgca + za
fgcb − zc
fgab
)
, (90)
K̂abc =
1
2
fgac
(
vb
fgca + va
fgcb − vc
fgab
)
,
where the N–elongation of the operators zb is defined by
fNab.
In the second way of elaborating Finsler geometries on Lie algebroids,
one may consider that a Lagrange structure is a singular Finsler structure
on higher dimension and to follow the idea that such geometries possess
nontrivial nonmetricity d–tensors (of Berwald or Chern type13). Here, we
present some details on Berwald type nonmetricity for Finsler algebroids:
A d–connection of Berwald type (see, for instance, Ref. [28, 29, 2] on
such configurations in Finsler and Lagrange geometry) and denoted [B]D =(
◦
[B]D,
⋆
[B]D
)
[B]Γ
E
A = [B]Γ
E
ABc
B ,
with c- and v–components
[B]Γ
E
AB =
(
L̂a
′
b′c′ ,vb
(
fNaa′
)
, 0, K̂abc
)
, (91)
with L̂ijk and K̂
a
bc taken as in (90), satisfying only partial metric compati-
bility conditions for a d–metric (89), fgAB =
(
fga′b′ ,
fgab
)
on LπE
◦
[B]Dc′
fga′b′ = 0 and
⋆
[B]Dc
fgab = 0.
13see discussions in [2] and [48]; the models satisfying the metricity conditions admit a
more simple geometric and physical interpretation of interactions with spinor and gravity
fields, but in another turn the ”nonmetricity” physics also presents certain interest.
45
This is an example of d–connections which may possess nontrivial nonmetric-
ity components, [B]QABC =
(
[B]Qca′b′ , [B]Qa′ab
)
with
[B]Qca′b′ =
⋆
[B]Dc
fga′b′ and [B]Qa′ab =
◦
[B]Dc′
fgab. (92)
So, the Berwald d–connection defines a metric–affine algebroid LπE pro-
vided with N–connection structure of Finsler type.
If L̂ijk and K̂
a
bc vanish, we obtain a Berwald type connection
[N ]Γ
γ
αβ =
(
0,vb
(
fNaa′
)
, 0, 0
)
induced only by the canonical Finsler N–connection structure. It defines a
vertical covariant derivation ⋆[N ]Dc acting in the v–subspace of L
πE, with the
coefficients being partial derivatives on v–coordinates ua of the N–connection
coefficients fNab.
We can generalize the Berwald connection (91) to contain any prescribed
values of d–torsions T a
′
.b′c′ and T
a
.bc from the c- v–decomposition (42), but
redefined with respect to the canonical Finsler d–connection (90). We can
check by a straightforward calculations that the d–connection
[Bτ ]Γ
E
AB =
(
L̂a
′
b′c′ + τ
a′
b′c′ ,vb
(
fNaa′
)
, 0, K̂abc + τ
a
bc
)
(93)
with
τa
′
b′c′ =
1
2
fga
′d′
(
fgbfT
f
dc +
fgcfT
f
db −
fgdfT
f
bc
)
(94)
τabc =
1
2
fgad
(
fgbfT
f
dc +
fgcfT
f
db −
fgdfT
f
bc
)
results in [Bτ ]T
a′
.b′c′ = T
a′
.b′c′ and [Bτ ]T
a
bc = T
a
.bc. The d–connection (93) has
nonvanishing nonmetricity components, [Bτ ]Qαβγ = t( [Bτ ]Qca′b′ , [Bτ ]Qa′ab).
In general, by using the metrization procedure (see Theorem 3.5) we can
also construct metric d–connections with prescribed values of d–torsions
T a
′
.b′c′ and T
a
.bc, or to express, for instance, the Levi–Civita connection via the
coefficients of an arbitrary metric d–connection.
We can express a general affine Berwald d–connection
[Bτ ]Γ
E
A = [Bτ ]Γ
E
ABc
B
via its deformations from the Levi–Civita connection ΓA▽ B ,
[Bτ ]Γ
E
A =
∇ΓEA + [Bτ ]Z
E
A, (95)
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∇ΓAE being expressed as (51) (equivalently, defined by (50)) and
[Bτ ]ZAB = cB⌋ [Bτ ]TA − cA⌋ [Bτ ]TB +
1
2
(
cA⌋cB⌋ [Bτ ]TE
)
cE (96)
+
(
cA⌋ [Bτ ]QBE
)
cE −
(
cB⌋ [Bτ ]QAE
)
cE +
1
2 [Bτ ]
QAB
defined with prescribed d–torsions [Bτ ]T
a′
b′c′ = T
a′
.b′c′ and
[Bτ ]Tabc = T
a
.bc,
where, for simplicity, we have omitted the label ”f”. Such formulas hold
true for any d–connection expressed via deformations of a metric compati-
ble d–connection. The Berwald d–connection defines a particular subclass
of metric–affine connections being adapted to the N–connection structure
and with prescribed values of d–torsions.
If the deformations of d–metrics in (95) are considered with respect to the
canonical d–connection Γ̂ABC with z- v– coefficients (53), we can construct
a set of canonical metric–affine d–connections. Such d–connections ΓEA =
ΓEABc
B are defined via deformations
ΓAB = Γ̂
A
B + Ẑ
A
B , (97)
Γ̂AB being the canonical d–connection (23) and
ẐAB = cB⌋ TA − cA⌋ TA +
1
2
(cA⌋cB⌋ TA) c
E (98)
+
(
cA⌋ [Bτ ]QBE
)
cE − (cB⌋ QAE) c
E +
1
2 [Bτ ]
QAB
where TA and QAB are arbitrary torsion and nonmetricity structures.
A metric–affine d–connection ΓEA can be also considered as a deforma-
tion from the Berwald connection [Bτ ]Γ
E
AB
ΓAB = [Bτ ]Γ
A
B + [Bτ ] Ẑ
A
B, (99)
[Bτ ]Γ
E
AB being the Berwald d–connection (93) and
[Bτ ] Ẑ
A
B = cB⌋ TA − cA⌋ TB +
1
2
(cA⌋cB⌋ TE) c
E (100)
+
(
cA⌋ [Bτ ]QBE
)
cE − (cB⌋ QAE) c
E +
1
2 [Bτ ]
QAB.
The z- and v–splitting of formulas can be computed by introducing the
adapted N–frames (74) and (75) and d–metric ◦g =
(
ga′b′,hab
)
into (51),
(95) and (96) for the general Berwald d–connections. In a similar form, we
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can compute splittings of connections by introducing the N–frames and d–
metric into (23), (97) and (98) for the metric affine canonic d–connections
and, respectively, into (93), (99) and (100) for the metric–affine Berwald
d–connections.
Finally, we note that for the respective classes of d–connections, the com-
ponents of the torsion and curvature tensors may be defined by introducing
the corresponding connections (51), (53), (91), (93), (95), (97) and (99) into
the general formulas for torsion (37) and curvature (38) on spaces provided
with N–connection structure.
5.1.2 Generalized Lagrange algebroids
The d–metric (83) was introduced for the canonical geometric modelling of
Lagrange mechanics on Lie N–algebroids. There are physical arguments to
consider more general configurations than those for the Lagrange algebroids.
For instance, J. L. Synge [40] considered a metric of type
gij(x, V (x)) =
0gij(x) + (1− u
2(x, V (x))Vi
in order to study the propagation of electromagnetic waves in a medium with
the index of refraction ni(x, V (x)) = 1/ui(x, V (x)), V 2 = ViVj
0gij where
0gij(x) is the background (pseudo) Riemannian metric of the medium and
Vi(x) is the velocity of the medium. There were also considered metrics of
type
gij = e
σ(x,y) lgij(x, y), or gij = e
σ(x,y) 0gij(x)
related to physical processes in dispersive media or in general relativity: a
detailed study of the relativitstic optic and mechanical and electromagnetic
models resulting in generalizations of the Finsler, Lagrange and (pseudo)
Riemannian geometries is contained in Chapters XI and XII of the mono-
graph [29] (see [43] on such generalizations suggested from higher energy
physics). In order to model such processes on Lie algebroids, we have to in-
troduce into consideration classes of d–metrics with more general coefficients
and N–connections than lgab (56) and
lNab (68) on L
πE, i. e. d–metrics
of type
glg = gABc
A ⊗ cA = ga′b′(x, u) z
a′ ⊗ zb
′
+ gab(x, u) v
a ⊗ vb (101)
with arbitrary gab(x, u) and v
a elongated by arbitrary Nab(x, u), see (75).
Definition 5.2 A generalized Lagrange algebroid is a pair GLA = (E, gab)
defined by a nongenerated and constant signature gab on E˜.
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On GLA, it is also possible to define a canonical N–connection defined
only by gab and to associate a semispray configuration. To do this, we
introduce the absolute energy
ε(x, u) + gab(x, u)u
aub (102)
and consider the action integral
I =
1∫
0
ε(xk(t), x˙i(t) = ρibu
b(t))dt.
For a regular system, when the auxiliary d–tensor
εgab +
1
2
∂2ε
∂ua∂ub
is nondegenerated, we can compute the Euler–Lagrange equations (61),
where ε(x, u) is considered instead of l(x, u), which are equivalent to the
nonlinear geodesic equations
dua
dt
+ 2 εGa(xk, ub) = 0
where
2 εGa(xk, ub) =
1
2
εgab
(
∂2ε
∂ub∂xi
ρicu
c + Cebcu
c ∂ε
∂ue
− ρib
∂ε
∂xi
)
.
This follows just from the Theorem 4.2 b) if l → ε. The canonical N–
connection is
εNab +
∂ εGa
∂ub
.
We may prove all results of the Section 3 (to define the canonical d–
connection, the almost complex and almost sympletic structure, ....) for
the generalized Lagrange algebroids, satisfying the regularity condition, by
substituting the absolute energy instead of the Lagrange function. This
results in
Corollary 5.1 Any generalized Lagrange algebroid defined by a metric ten-
sor gab can be modelled equivalently as a Lagrange algebroid provided with
a corresponding absolute energy function ε(x, u) if the regularity conditions
are satisfied.
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For some explicit purposes, it could be more convenient to work di-
rectly with gab, instead of
εgab, and with the d–metric (101) which is a
particular case of (30) (when hab = gab). In this case, we can introduce the
canonical d–connection (53) and compute the respective d–torsions (42) and
d–curvatures (45).
5.2 Hamilton–Cartan algebroids
The Hamilton mechanics can be geometrized on cotangent bundles
(T ∗M, ∗π, M) where T ∗M is dual to TM (see, for instance, a summary
of approaches in Refs. [30, 19]). There were elaborated Lie algebroid ge-
ometrizations of the Hamilton equations in terms of sympletic and Poisson
structures on algebroids (see details and references in [4, 14]). The aim
of this section is to outline the main features of the Hamilton mechanics
realized in terms of prolongations to Lie algebroids (with associated cov-
ector, dual, bundles) provided with N–connection structure, defined by a
Lagrangian and/or Hamiltonian. It should be noted here that the Hamilton
algebroids have been considered also in Ref. [34] following the formalism
from [8].
We shall use the concept a covector bundle E∗ = (E∗, ∗π,M) where
E∗ is dual to E. When E = TM, we obtain the particular case of (co)
tangent bundle. The local coordinates of a point u˘ =(x, p) ∈ E∗ are denoted
u˘α = (xi, pa) where the coordinates pa are dual to u
a.14 The local bases and
cobases on E∗ are denoted, for instance, e˘α = (ei, e˘
a) and e˘α = (ei, e˘a). A
dual Lie algebroid (prolongated to a Lie algebroid) is defined as a usual one
but associated to a covector bundle E∗. It should be emphasized here that
we use the term ”coalgebroid” induced from covector/ cotangent bundle but
not from ”co–algebra”.
14We preserve all conventions and denotations introduced in the previous sections with
respect to Lie algebroids, vector bundles and manifolds, in general, provided with N–
connection structure. If would be necessary, we shall use the labels ” .˘..” and/or ”∗”
in order to emphasize that some geometric objects refer just to certain dual spaces or,
equivalently, co–spaces, and call such objects like co–vectors, but we shall omit the term
co–algebroid in order to avoid confusions with the concept of coalageras. It should be noted
that under dualization the uper/lower indices will be transformed into the corresponding
inverse ones, lower/uper, indices. Following such formal rules, we can re-derive all formulas
for the dual spaces directly from the similar formulas for ’non–dual’ objects. Nevertheless,
in some cases, the relation between the objects of Lagrange and Hamilton geometry in not
a complete formal duality: we have to take into account the Legendre transforms which
introduce more sophisticate constructions for the Hamilton spaces and geometries.
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5.2.1 Prolongations to Lie algebroids on dual vector bundles
Let LπE + (E, π[·, ·], πρ) be a prolongation Lie N–algebroid derived for a Lie
N–algebroid (E, [·, ·], ρ) with associated vector bundle π : E→M when the
algebroids and related vector bundles, in general, are provided with mutually
compatible N–connection structures. We also consider ∗π : E∗→M to be
the vector bundle projection of the dual bundle E∗ to E. For trivial N–
connection structures, we can write respectively E∗ and E (we shall also use
”not–boldfaced” symbols if the constructions will not depend on existence
of the N-connection structure).
The prolongation L∗πE of E over ∗π is defined by the set of elements
satisfying the conditions
L∗πE = {(u, z˘) ∈ E× TE∗/ρ(b) = (T ∗π)(z˘)} .
We call L∗πE =(E∗, ∗π[·, ·], ∗πρ) a prolongation N–algebroid over E∗, of
rank 2m, with fibers isomorphic to (E,E∗) with the Lie algebroid structure
( ∗π[·, ·], ∗πρ) defined for ∗π and E∗ instead of π and E.15 We note that if
E = TM the Lie algebroid L∗πE transforms into the standard Lie algebroid
(T (T ∗M), [·, ·], ∗πρ = Id).
The space L∗πE is fibred over E∗ by the projection ∗ππ : LπE −→ E∗,
given by ππ(u, z˘) = ∗τE(z˘) where
∗τE : TE
∗ −→ E∗ is the tangent
projection. It is also interesting to define the projection into the second
factor: ∗πρ : L∗πE −→ TE, given by ∗πρ(u, z˘) = z˘. Stating a local basis
{v˘a} of Sec(E∗), for p ∈ E∗, π(p) = x ∈ M, and xi are local coordinats
around x, we have p = pav˘
a and the bundle coordinates on E∗ are (xi, pa).
We denote respectively the section s˘ ∈ Sec(E∗) and the sections of the
modules of vector fields v s˘ ∈ X(E∗), cs˘ ∈ X(E∗), and vs˘ ∈ X(L∗πE), cs˘ ∈
Sec(L∗πE), and define the corresponding vertical and complete lifts of sec-
tions of E into sections of L∗πE. One holds the expressions
cs˘(u) = (s˘(∗π(p)), cs˘(p)) and vs˘(p) = (0, v s˘(p)) . (103)
There is an unique Lie algebroid structure ( ∗π[·, ·], ∗πρ) on L∗πE which
defined by
∗π[ vs˘, vs˘] = 0, ∗π[ cs˘, vs˘] = v[s˘, s˘], ∗π[ cs˘, cs˘] = c[s˘, s˘].
For the lifts of functions we write
πρ( cs˘)( cf) = c (ρ(s˘)(f)) , πρ( cs˘)( vf) = v (ρ(s˘)(f)) ,
πρ( vs˘)( cf) = v (ρ(s˘)(f)) , πρ(s˘v)( vf) = 0.
15see Ref. [14] for details on such constructions; in this subsection we outline the basic
results in a form adapted to the N–connection structure
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We denote the local coordinates on M and E∗ respectively by xi and
(xi, pa) and consider the Lie algebroid structure functions ρ
i
a(x) and C
a
be(x).
The local bases for the considered vertical and complete lifts are written
ce˘a = ρ
i
a
∂
∂xi
− Cbaepb
∂
∂pe
and v e˘a =
∂
∂pa
(104)
transforming any section s˘ = sav˘
a of E∗, respectively, into the vector fields
v s˘ and cs˘, when
cs˘ = saρia
∂
∂xi
−
(
ρia
∂sb
∂xi
− sdCbda
)
pb
∂
∂pa
and v s˘ = sa
∂
∂pa
.
These are local expressions, for a complete definition see Ref. [14].
The relations (103) for za′ =
ce˘a′ and v˘
a = v e˘a, in termis of the basis
{za´, v˘
a} of sections of L∗πE→ E∗, we may transform the local frame (104)
into
cs˘ = sa
′
za′ − (ρ
i
a
∂sb
∂xi
pb + s
dCbad)v˘
a and vs = sav˘
a.
It is convenient to introduce a new local basis on sections of L∗πE over E∗,
c˚A = (˚za′ = za + C
b
aepbv˘
e, v˚a = v˘a) (105)
with the components satisfying the typical Lie algebroid structure relations
(1) and (2). Defining
πρ(˚za) = ρ
i
a
∂
∂xi
, πρ(v˘a) =
∂
∂pa
,
one obtains
∗π [˚za′ , z˚b′ ] = C
e
abz˚e′ ,
∗π
[
z˚a′ , v˘
b
]
= 0, ∗π [v˘a, v˘a] = 0.
With respect to the (105) for an element ω = γa
′
z˚a′ + ζav˚
a ∈ L∗πE, we
can define the natural local coordinates (xi, pa, γ
a′ , ζa) on L
∗πE, when the
point ω ∈ ∗ππ(∗π−1(x)) [for a vector bundle projection ∗ππ : L∗πE→ E∗
and x ∈ M, and (xi, pa) considered also as the coordinates of the point
∗ππ(ω) ∈ ∗π−1(x)] may be expressed in coordinate form
ω = γa
′
z˚a′(
∗ππ(ω)) + ζav˚
a( ∗ππ(ω)).
In coordinate form, the anchor map is defined
πρ(xi, pa, γ
a, ζa) = (x
i, pa, ρ
i
aγ
a, ζa).
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We can elaborate a differential form calculus by stating an abstract dif-
ferential operator d∗L ≡ d L
∗πE acting in the form
d∗Lf = ρia
∂f
∂xi
z˚a +
∂f
∂pa
v˚a, (106)
d∗Lz˚a = −
1
2
Cabez˚
b ∧ z˚e, d∗Lv˚a = 0,
where the local basis c˚A = (˚za
′
, v˚a) is the dual to c˚A = (˚za′ , v˚
a). Such
formulas generalize on L∗πE the similar ones (4) defined by f ∈ C∞(M)
and θ = θbv˚
a ∈ Sec(E∗), compare also with the formulas (8) for LπE.
5.2.2 Hamilton equations and Poisson brackets on Lie algebroids
We introduce the Liouville section (1–form) of L∗πE,
hθ˘ + pav˘
a (107)
and, following the rules (106), we can derive that the 2–form
hω˘ + −d∗L hθ˘ = z˚a ∧ v˘a +
1
2
Cabepaz˚
b ∧ z˚e (108)
defines a canonical sympletic structure which is nondegenerate and and sat-
isfies the condition d∗L hω˘ = 0. For the standard Lie algebroid with E = TM
the θ˘TE and ω˘TM are respectively the usual Liouville 1-form and the canon-
ical sympletic 2–form on T ∗M.
Let h˘ : E∗ → IR be a map defining a Hamiltonian function h˘(xi, pa)
which, for simplicity, satisfies the regularity condition when the Hessian
hg˘ab +
1
2
∂2h˘
∂pa∂pb
(109)
is nondegenerated and of constant signature. There is a unique section
ξ˘h =
∂h˘
∂pa
z˚a −
(
Ceabpe
∂h˘
∂pb
+ ρia
∂h˘
∂xi
)
v˘a ∈ Sec(L∗πE), (110)
inducing a vector filed ρ∗π(ξ˘h) on E
∗,16
ρ∗π(ξ˘h) = ρ
i
a
∂h˘
∂pa
∂
∂xi
−
(
Ceabpe
∂h˘
∂pb
+ ρia
∂h˘
∂xi
)
∂
∂pa
,
16for a standard Lie algebroid, ξ˘ transforms into a usual Hamilton vector field
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satisfying the equation
ξ˘h⌋ω˘E = d
∗Lh˘ (111)
for a given dh˘ ∈ Sec(L∗πE)∗. Such formulas sketch the proof of a theorem
(the ”dual” of Theorem 4.1, for Hamilton structures on Lie algebroids):
Theorem 5.1 The integral curves of the section ξ˘h (110) (with induced vec-
tor field ρ∗π(ξ˘h)) defining the solution of (111)) satisfy the Hamilton equa-
tions for h˘(xi, pa),
dxi
dt
= ρia
∂h˘
∂pa
, (112)
dpa
dt
= −
(
Ceabpe
∂h˘
∂pb
+ ρia
∂h˘
∂xi
)
.
The dual bundle E∗ admits a linear Poisson structure, a 2–vector field,
ΛE∗ such that
[ΛE∗,ΛE∗] = 0
and ΛE∗(df, df
′) is a linear function for any linear functions f, f ′ on E∗. The
local coordinate expression is
ΛE∗ = ρ
i
a
∂
pa
∧
∂
∂xi
+
1
2
peC
e
ab
∂
∂pa
∧
∂
∂pb
. (113)
This structure induces a linear Poisson bracket
{f,w}E∗ + ΛE∗(d
TE∗f, dTE∗w)
where the operator dTE∗ is defined by the rules (106) but on TE∗. In a
particular case of local coordinates, we have{
xi, xj
}
E∗
= 0,
{
pa, x
j
}
E∗
= ρia and {pa, pb}E∗ = peC
e
ab,
see details in [23, 14].
For Hamiltonian sections, we can naturally use hω˘ (108) satisfying (111),
instead of ΛE∗, in order to define
{f,w}E∗ + −
hω˘(ξ˘f , ξ˘w).
The formula for energy El on a Lagrange algebroid (59) can be rewritten
in the form
h˘ = pau
a −
l
2
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which relates the integral curves of the Euler–Lagrange equations to the
integral curves of the Hamilton equations if the regularity conditions are
satisfied. This relation stated in a more rigorous geometric form by the
Legendre transform associated to l which is a smooth map
Legl : E → E
∗; Legl(a)(b) =
lθ(a)(z)
defined with respect to the Poincare–Cartan 1–form lθ ∈ Sec ((LπE)∗)
(57), for any a, b ∈ Ex, x ∈ M and z ∈ L
πE|a such that pr1(z) = b when
pr1 : L
πE → E is the restriction to LπE of the first canonical projection
pr1 : E × TE → E. The transform Legl induces a map for the prolongated
algebroids,
LLegl : L
πE → L∗πE; (LLegl)(b,Xa) = (b, (TaLegl)(Xa)) ,
where a, b ∈ E and (b,Xa) ∈ ( L
πE)a ⊆ Eπ(a) × TaE and TLegl : TE →
TE∗ being the tangent map of Legl. The map LLegl is well defined because
π∗ ◦ Legl = π.
In local coordinates, the introduced Legendre maps are parametrized
respectively
Legl(x
i, ua)→
(
xi, pa =
∂l
∂ua
)
and
LLegl(x
i, ua; za
′
, va)→
(
xi, pa; z
a′ , ρibz
b ∂pa
∂xi
+ vb lgab
)
.
Using such coordinate maps, we can prove by straightforword computations
that under Legendre transforms the Poincare forms lθ (57) and lω (58)
transform respectively into hθ˘ (107) and hω˘ (108). This deduces that
the pair (Legl,LLegl) defines a morphism between the prolongated Lie al-
gebroids LπE and L∗πE with compatible Lie algebroid structure functions.
5.2.3 Hamilton algebroids and Cartan algebroids
The Hamilton algebroids can be introduced as geometric mechanics struc-
tures on L∗πE and LπE related by Legendre transforms:
Definition 5.3 A Hamilton algebroid is a pair HA = (E∗, h˘) defined by
a regular Hamiltonian h˘(xi, pa) being differentiable on E˜∗ + E
∗/{0∗} and
continuous on the null sections of 0∗ : E∗ →M, with a nondegenerated and
constant signature Hessian hg˘ab(109) on E˜∗.
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There are possibilities to restrict and/or to generalize this definition:
Definition 5.4 A Cartan algebroid CA = (E∗, ch˘) is a Hamilton algebroid
with positive h˘ = ch˘(xi, pa) on E
∗ and 1–homogeneous with respect to the
momenta pa, i. e.
ch˘(xi, λpa) = λ
ch˘(xi, pa).
Roughly speaking, the Cartan algebroids are Finsler algebroids but de-
fined on L∗πE and E∗ (with some additional geometric structures related
to the Legendre transforms).
In a more general case, we can consider prolongated Lie algebroid struc-
tures defined by an arbitrary nondegeneratd d–tensor field g˘ab, co–metric on
E˜∗, not obligatory defined as the second derivative on the momenta from
a Hamiltonian. Nevertheless, the geometry of such generalized Hamilton
algebroids GHA = (E∗, g˘ab) can be modelled similarly to that of the usual
Hamilton algebroids by introducing an additional dual global ”energy” func-
tion
ε˘(x, u) + g˘ab(x, p)papb
like for the generalized Lagrange algebroids.
For simplicity, in this work we shall consider the main geometric con-
structions only for the Hamilton algebroids. We shall sketch the idea of such
proofs.
Canonical N–connections on Hamilton algebroids
The results of Theorems 4.2 and 4.3 reformulated for the Hamilton alge-
broids are stated by
Theorem 5.2 The set of coefficients
hNab =
1
4
{
hgab, h˘
}
E∗
−
1
4
(
gacρ
i
b
∂2h˘
∂pc∂xi
+ gbcρ
i
a
∂2h˘
∂pc∂xi
)
(114)
defines a canonical N–connection structure hN˘ =
(
hNab
)
} on L∗πE con-
structed only from h˘ and hg˘ab and its dual, hgab, in a form related to the
canonical N–connection lN (69) defined by the corresponding Lagrangian
l(xi, ua) on LπE.
Proof. Let us introduce the locally adapted base for such Hamilton
algebroids,
c˘A = (za′ = z˚a′ − Na′av˚
a, v˘a = v˚a = v˘a) (115)
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and the duals
c˘A = (za
′
= z˚a
′
, v˘a = v˘a + Nb′az˚
b′) (116)
where the algebroid indices A = (a′, a), B = (b′, b), ... running the values
a′, ...b′, a, ...b = 1, 2, ...,m. The construction of such N–elongated operators
is similar to that from the Proposition 4.1, but in our case we use geometrical
objects defined on prolongation coalgebroids (for instance, labelled in the
form v˘ in order to emphasize the difference from the similar ones on usual
algebroids; for simplicity, we shall omit a such label, and the left label
”h”, for Nb′a when denotations will not give rise to ambiguities). By local
computations we can verify that hNa′b define a local distribution which can
be globalized to the Whitney sum
L∗πE = h L∗πE ⊕ v L∗πE
which is an equivalent definition of the N–connection on a Lie algebroid, see
(69). We may conclude that the coefficients (114) define a N–connection
on L∗πE. It is a more cumbersome task to prove that hNa′b = ρ
i
a′∂Gb/∂x
i
defines a nonlinear geodesic semispray configuration Gb which is equivalent
both to the Euler–Lagrange equations (61) and the equivalent (for regular
Legendre transforms) Hamilton equations (112). Such computations are
equivalent to those outlined for the proof of Theorems 4.2 and 4.3 but re–
derived in algebroid terms on L∗πE. 
Definition 5.5 A N–connection N˘a′b on L
∗πE is symmetric if its torsion
d–tensor
τab +
1
2
(
N˘ab − N˘ba
)
= 0.
From (114), one follows that the canonical N–connection is symmetric,
i. e.
hτab = 0. (117)
Definition 5.6 The curvature d–tensor Ω˘ of a N–connection N˘ab on L
∗πE
is defined by the components
Ω˘ab′e′ + ze′Nb′a − zb′Ne′a.
A N–connection distribution on L∗πE is integrable if and only if Ω˘ = 0.
There is also a d–connection (Berwald type) defined by the N–connection
coefficients:
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Definition 5.7 The Lie algebroid Berwald d–connection with local coeffi-
cients
N˘
b
a′e + v˘
b(Na′e) and N˘
a
be + 0
is associated to a N–connection Nab and defines a covariant derivative D on
sections in the vertical vector subbundle v L∗πE.
One holds (the proof is similar to that for the prolongation Lie algebroids,
see formula (21) and Proposition 3.3) the
Proposition 5.1 The Berwald covariant derivative D˘ on L∗πE has the
local expression
D˘X (
⋆B) + X˘·D˘ =
[
X˘b
(
zbB
a − v˘c (N˘ cb)) B
a
)
+ ⋆X˘ev˘eB
a
]
v˘a..
Canonical almost complex structures on coalgebroids
The N–connection splitting on prolongation coalgebroids defines a corre-
sponding class of almost complex structures, which for the canonical config-
urations are defined by the Hamiltonians.
Proposition 5.2 A canonical N–connection hNa′b (114) induces, naturally
an almost complex (coalgebroid) structure F˘ : X ( L∗πE)→ X ( L∗πE),
F˘(za) = v˘a and F˘( v˘a) = −za,
when
F˘ = hgab v˘
a ⊗ za − hgab za ⊗ v˘a (118)
satisfies the condition F˘⌋ F˘ = −I, i. e. F˘ABF˘
B
K = −δ
A
K , where δ
A
K is the
Kronecker symbol and X denotes the module of vector fields on E˜∗.
Proof. It follows from the action of the operator (118) on the N–
elongated bases.
Canonical metric and sympletic structures
A regular Hamiltonian induces a canonical metrics on the corresponding
Hamilton algebroid:
Theorem 5.3 There is a canonical metric structures on L∗πE,
hg˘ = hg˘ABc˘
A ⊗ c˘A = hg˘ab z
a ⊗ zb + hg˘ab v˘b ⊗ v˘b (119)
called distinguished metrics (d–metrics) defined by the corresponding La-
grangians and, induced by such Lagrangians, canonical N–connections.
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Proof. The existence follows from a Sasaki type lift of hg˘ab to L∗πE
by emphasizing the (E,E∗) structure of fibers.
In modern gravity, one considers models with cofiber metrics resulting
in more general d–metrics then (119),
g˘ = g˘AB c˘
A ⊗ c˘A = g˘ab z
a ⊗ zb + h˘ab v˘b ⊗ v˘b (120)
where g˘ab and h˘
ab are respectively some independent z- and v– components.
Definition 5.8 A Lie algebroid (coalgebroid) with associated vector bundle
E = (E, π,M) (covector bundle E = (E∗, π∗,M)) is said to be sympletic if
it admits a sympletic structure ω on the sections of the bundle ∧2E∗ → M
such that 1) the map ω(x) : Ex ×Ex → IR is nondegenerate and d
Eω = 0.17
A regular Hamiltonian defines a canonical almost sympletic structure
derived from the canonical N–connection (114), almost complex structure
(118) and the canonical Poisson structure (113) which in terms of the N–
elongated partial derivatives (115) defines the N–adapted Poisson bracket
{f1, f2}E∗ = v˘
a (f1) za (f2)− v˘
a (f2) za (f1)
for any f1 and f2 on L
∗πE.
Theorem 5.4 A Hamilton algebroid is a sympletic algebroid with the cano-
nical sympletic structure defined by the 2–form
hω = hωABc˘
A ∧ c˘B + v˘a ⊗ z
b (121)
and canonical Poisson structure {f1, f2}E∗ on L
∗πE.
Proof. We compute, using formulas (115) and (114),
hω = v˘a ⊗ z
b = v˘a ⊗ z˚
b + hτab z˚
a ∧ z˚b
and
{f1, f2}E∗ = v˘
a (f1) z˚a (f2)− v˘
a (f2) z˚a (f1)− 2
hτab v˘
a (f1) z˚a (f2)
where hτab = 0 (117).
17In a more general context, the Hamilton algebroids may be described in terms of the
Lichnerowicz–Poison and/or H–Chevalley–Eilengerg cohomologies [15, 16] where the Lie
algebroids of Jacobi manifolds were considered. For simplicity, in this work we do not
concern topological properties of the Lie N–algebroids.
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The next step is to show that d hω = 0 which implies dv˘a ∧ z˚
a = 0 for
the N–connection hNab. We have that the exterior differential
dv˘a = −d
(
hNab
)
∧ z˚b,
where d
(
hNab
)
is symmetric on indices a and b. So, the antisymmetric
product with z˚a vanishes, which proofs dv˘a ∧ z˚
a = 0 and d hω = 0. We can
conclude that hω is a closed 2–form defining a sympletic structure.
5.2.4 Canonical anchors for the Lagrange–Hamilton algebroids
It is possible to model the Hamilton algebroids as almost Kahlerian struc-
tures:
Theorem 5.5 There is canonical almost Kahlerian model of the Hamilton
algebroids defined by the respective unique almost Kahlerian d–connection
∗D̂ on L∗πE which preserves by parallelism the vertical distribution and
satisfies the conditions:
1. there is compatibility with the almost Kahlerian structure
∗D̂
X˘
hg = 0, ∗D̂X
hω = 0 and D̂
X˘
F˘ = 0;
2. the complete ”horizontal”, i.e. z-component, and ”vertical” torsions
vanish, i. e.
z ∗T̂ (za, zb) = 0 and v
∗T̂ (v˘a, v˘a) = 0;
for any vector field X˘ on TE∗.
Proof. The proof is similar to that of Theorem 4.6 but re–written for
∗D̂ on L∗πE in terms of dual objects indices. The almost Kahlerian d–
connection hΓ̂αβγ =
(
h L̂eab,
hK̂ bca
)
, equivalent to ∗D̂, is defined by the
coefficients
h L̂eab =
1
2
hgac
{
zb(
hgca) + za(
hgcb)− zc(
hgab)
}
, (122)
hK̂ bca =
1
2
hgac
{
vb( hgca) + va( hgcb)− vc( hgab)
}
.
By straightforward calculations with covariant derivatives defined by the
the coefficients (122) we can verify that one holds true all conditions of the
theorem.
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Any sympletic structure on a sympletic manifold (M,ω) induces a cor-
responding isomporphism related to the bracket operator {., .} ,
T ∗M
f{,}=eω−1
−→ TM
where ω˜(v) + ω(v, .) and {˜., .} = ω˜−1 denotes the pulling back of the stan-
dard bracket on X (M) to define the bracket operation for the differential
1–forms Ω1(M) + Sec(T ∗M). This transforms T ∗M into a Lie algebroid
with anchor ρ = −ω˜−1 defined by the sympletic structure (as it was ob-
served in [65] and investigated in details for the case of Lie algebroids of the
Poisson manifolds in [61] and [4])
The algebroids considered in this work (Lagrange–Finsler and Hamil-
ton–Cartan ones) posses canonical sympletic structures defined by the cor-
responding canonical N–connections induced by the fundamental Lagrange
or Hamilton functions. The sympletic structure induces canonical anchor
maps on such N–anholonomic manifolds.
Finally, we note that the torsions and curvatures on Hamilton algebroids
may be globally defined to be compatible to the N–connection structure and
computed in z– and v–component form following the geometric formalism
presented in section 3.3.1 (on d–connections, in the general canonical case
related to d–metrics of type ) and in section 3.4 (on d–torsions and d–
curvatures, adapted to the N–elongated bases on algebroids, see (120)).
6 Einstein–Cartan Algebroid Structures
In the previous sections, we demonstrated that the theory of Lie algebroids
provided with nontrivial N–connections has a natural background from geo-
metric mechanics and Finsler geometry. The aim of this section is to demon-
strate that certain nontrivial Lie algebroid and N–connection structures
can be defined by generic off–diagonal metrics and nonholonomic frames
in gravity theories and that such gravity configurations may be also mod-
elled by analogous optic–mechanical geometries. Further developments on
exact solutions in gravity possessing Lie algebroid symmetry can be found
in Refs.[49, 50, 51, 52], see also some recent results on gerbe extensions [56].
6.1 N–connections and algebroid structures in gravity
For the geometric models of gravity and string theories with nonholonomic
frame (vielbein) structure, one does not work on the tangent bundle TM but
on a general manifold V, dimV = n+m, which is a (pseudo) Riemannian
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space or a certain generalization with possible torsion and nonmetricity fields
[57, 48].
6.1.1 N–anholonomic manifolds
Let us consider a metric tensor g on the manifold V with the coefficients
defined with respect to a local coordinate basis duα =
(
dxi, dua
)
, 18
g = g
αβ
(u)duα ⊗ duβ
where
g
αβ
=
[
gij +N
a
i N
b
jhab N
e
j hae
N ei hbe hab
]
. (123)
Definition 6.1 A manifold V is N–anholonomic if it is provided with a
N–connection structure N = {Naj } defining a global splitting
TV =hV⊕vV, (124)
which, in general, is a nonholonomic distribution on TV.
Such nonintegrable distributions may be derived for any generic off–
diagonal metrics parametrized in the form (123) which can not be diagonal-
ized by coordinate transforms.
Theorem 6.1 A metric g with the coefficients (123) models a N–anholo-
nomic manifold if and only if a nonholonomic vielbein structure
eν = (ei, vb) = (ei =
∂
∂xi
−Nai
∂
∂ua
, vb =
∂
∂ub
) (125)
and
eµ = (ei, vb) = (ei = dxi, vb = dub +N bi dx
i), (126)
is prescribed on TV.
Proof. Performing a frame transform
eα = e
α
α ∂α and e
β = eββdu
β
18the indices run correspondingly the values i, j, k, ... = 1, 2, ..., n and a, b, c, ... =
1, 2, ..., m.
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with the coefficients
e αα (u) =
[
e
i
i (u) N
b
i (u)e
a
b (u)
0 e
a
a (u)
]
(127)
and
e
β
β(u) =
[
eii(u) −N
b
k(u)e
k
i (u)
0 eaa(u)
]
, (128)
we write equivalently the metric g in the form
g = gαβ (u) e
α ⊗ eβ = gij (u) e
i ⊗ ej + hcb (u) v
c ⊗ vb, (129)
where gij + g (ei, ej) and hcb + g (vc, vb) and eν = (ei, vb) and e
µ = (ei, vb)
are, respectively, just the values (125) and (126), i. e. vielbeins of type (72)
and (73), but in our case considered for arbitrary N bi (u) of dimension n×m
stating a splitting of the manifold into submanifolds of dimensions n and
m. This defines a special class of nonholonomic manifolds provided with a
global splitting into conventional ”horizontal” and ”vertical” subspaces (124)
(similar to (9) but not for the vector bundles) induced by the ”off–diagonal”
terms N bi (u) and the prescribed type of nonholonomic frame structure. The
d–metric (129) is a generalization of the (82) to the case of arbitrary (non–
Lagrange) metric and N–connection coefficients.
If the manifold V is (pseudo) Riemannian, there is a unique linear
connection (the Levi–Civita connection) ∇, which is metric, ∇g = 0, and
torsionless, ∇T = 0 but this connection is not adapted to the noninte-
grable distribution induced by N bi (u). In order to construct exact solutions
parametrized by generic off–diagonal metrics, or for investigating nonholo-
nomic frame structures in gravity models with nontrivial torsion, it is more
convenient to work with more general classes of linear connections which are
N–adapted but contain nontrivial torsion coefficients because of nontrivial
nonholonomy coefficientsW γαβ. Such geometric constructions can be adapted
to the prescribed N–connection structure on Riemmann–Cartan spaces pro-
vided with corresponding classes of nonholonomic (N–adapted) frames. 19
For splitting into subspaces of dimensions n andm of a Riemann–Cartan
space of dimension (n+m), (the (pseudo) Riemannian configurations can be
treated as particular cases), the Lagrange and Finsler type geometries were
modelled by N–anholonomic structures as exact solutions of gravitational
field equations [57]. It was concluded that the geometry of any Riemann
19certain models of Finsler geometry posses nontrivial nonmetricity filelds which mo-
tivates further generalizations to metric–affine manifolds with prescribed N–anholonomic
structure, called generalized Finsler–affine spaces [47]
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space of dimension n + m (where n,m ≥ 2; we can consider n,m = 1 as
special degenerated cases), provided with off–diagonal metric structure of
type (123) can be equivalently modelled, by vielbein transforms of type
(127) and (128) as a geometry of nonholonomic manifolds enabled with N–
connection structure N bi (u) and d–metric (129), see details in [47]. For
certain special conditions when n = m, N bi =
LN bi (68) and the metric
(129) is of type (82), a such Riemann–Cartan space of even dimension is
’nonholonomically’ equivalent to a Lagrange space (for the corresponding
homogeneity conditions one obtains the equivalence to a Finsler space).
Roughly speaking, by prescribing a corresponding vielbein structure, we
can model a Lagrange, or Finsler, geometry on a Riemannian manifold and,
inversely, a Riemannian geometry is ’not only a Riemannian one’ but could
be also a generalized Finsler space.
It is known the fact that the first example of Finsler geometry was con-
sidered in 1854 in the famous B. Riemann’s hability thesis (see historical
details and discussion in Refs. [2, 29, 47]) who, for simplicity, restricted his
considerations only to the curvatures defined by quadratic forms on hyper-
surfaces. Sure, for B. Riemann, it was unknown the fact that if we consider
general (nonholonomic) frames with associated nonlinear connections (the
E. Cartan’s moving frame geometry, see Refs. in [6]) and off–diagonal met-
rics, the Lagrange and Finsler geometry may be derived naturally even from
quadratic metric forms adapted to the N–connection structure.
6.1.2 Lie N–aglebroids modelled on N–anholonomic manifolds
For some additional parametrizations, a subclass of d–metrics of type (129)
(equivalently, a subclass of metrics of type (123)) models a prolongation Lie
algebroid provided with N–connection structure and Sasaki type d–metric:
Theorem 6.2 A d–metric (129) on a N–anholonomic manifold V, for
dimV = n+m, defines a d–metric ◦g of type (30) on (vV,vV) of dimension
2m, modelling a Lie N–algebroid with structure functions ρjb′(x) and C
d
ab(x),
if and only if one holds the parametrizations:
gij(x, u) = ga′b′(x, u)ρ
a′
i (x, u)ρ
b′
j (x, u),
hab(x, u) =
⋆ha′b′(x, u) e
a′
a(x) e
b′
b(x)
Nai(x, u) = ρ
a′
i (x, u)N
a
a′(x, u) (130)
for any values ρa
′
i (x, u) and e
a′
a(x) for which the inverse e
a
a′ (x) define a v–
subspace nonholonomic frame ea′ + e
a
a′ (x) ∂/∂u
a satisfying the conditions
ea′eb′ − eb′ea′ = C
d′
a′b′(x)ed′ (131)
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and
ρjb′(x) = g
ji(x, u) ⋆ha′b′(x, u)ρ
a′
i (x, u). (132)
Proof. Let us introduce the values (130) into (129) and define
ca
′
+ ρa
′
i (x, u)dx
i and va = eaa′′(x)du
a′′
which together with theirs duals prescribe a class of N–adapted (to Naa′)
frames of type cA = (za′ ,va) (74) and v
A = (za
′
,va) (75) derived by using
vielbeins of type (za′ , va) (6) and (z˜a, v˜a) (7). Now we can consider the
d–metric
◦g + ga′b′z
a′ ⊗ zb
′
+ ⋆habv
a ⊗ vb, (133)
za
′
= za
′
and va = va +Naa′z
a′ ,
of type (30) on (vV,vV). The values ρjb′ = g
ji ⋆ha′b′ρ
a′
i , see formula (132),
the metric coefficients and ρa
′
i depending on x– and u–variables must be
related in a form to generate ρjb′(x) depending only on the x–variables, and
Cdab(x) from (131): this defines the structure constants of a Lie N–algebroid.
We conclude that the data(
gij , hab, N
a
i ; ρ
a′
i , C
d
ab
)
for a N–anholonomic manifold V can be transformed into the data(
gij ,
⋆hab, N
a
b′ ; ρ
j
b′ = g
ji ⋆ha′b′ρ
a′
i , C
d
ab
)
modelling a Lie N–algebroid on (vV,vV) (the inverse statement is also true)
if the conditions of the Theorem are satisfied. 
The Theorem 6.2 motivates the concept:
Definition 6.2 A Lie N–algebroid is called Riemann–Cartan if it is pro-
vided with a d–metric and d–connection structure induced from a Riemann–
Cartan manifold.
The next two sections are devoted to general properties and explicit
examples of Riemann–Cartan and related Einstein–Cartan algebroids.
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6.2 Mechanical and optical modelling of gravitational pro-
cesses
During the last decade, an intensive research is devoted to analogous models
of gravity when some important gravitational effects like black hole radia-
tion, gravitational–electromagnetic interactions, nearly horizon effects ... are
modelled by optic and continuous media models, see outlines of results and
references in [33, 36]. The unified geometric approach both to mechanics
and gravity theories elaborated as some examples of N–anholonomic mani-
folds and/or algebroids give rise to new principles in ideas on such analogous
modelling of field interactions.
Any gravitational theory defined by a generic off–diagonal metric on a
N–manifold V, dimV = n +m, induces a canonical Lagrange N–algebroid
provided with a d–metric ◦g of type (30) on (vV,vV) of dimension 2m. By
a corresponding class of nonholonomic transforms of the v–subspace, we can
’map’ a such gravity into a Lagrange algebroid:
Theorem 6.3 Any d–metric (129) with the coefficients satisfying the condi-
tions (130)–(132), transforms into a d–metric of type (101) for a generalized
Lagrange algebroid,
glg = gAB c˜
A ⊗ c˜A = ga′b′(x, u) z
a′ ⊗ zb
′
+ gab(x, u) vˇ
a ⊗ vˇb, (134)
where gab(x, u) = A
a′
a A
b′
b
⋆ha′b′ , see the Lie N–algebroid d–metric (133),
and the v–vielbeins vˇa + Aaa′ v
a′ , Aaa′ being inverse to A
a′
a , are subjected
to a nonholonomic relation of type
vˇavˇb − vˇavˇb =
⋆W cabvˇc
for vˇa = A
a′
a va′ .
Proof. The Theorem 6.2 states that (129) transforms into (133) which
is not a generalized Lagrange algebroid d–metric because, in general, gab 6=
⋆hab. A formal equality of the c– and v–components of the d–metric on the
Lie N–algebroid can be obtained by a certain nonholonomic frame transform
in the v–subspaces when gab(x, u) = A
a′
a A
b′
b
⋆ha′b′ for some vˇ
a + Aaa′ v
a′ ,
which is just the d–metric (134). The nonholonomy coefficients ⋆W cab depend
both on A a
′
a , C
a
be and N
a
a′ : they can be computed in explicit form by
commutating the vielbeins vˇa when v
a = va +Naa′z
a′ , see (133). 
For the d–metric (134), we can introduce the ”absolute energy” (102), in
this case of gravitational origin, and define the nonlinear geodesic congru-
ences, on Lagrange algebroids (derived as Riemann–Cartan algebroids), as
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Euler–Lagrange equations on Lie algebroids (61). We can investigate some
particular cases like in section 5.1.2 when gab is derived from
gij(x, V (x)) =
0gij(x) + (1− u
2(x, V (x))Vi or gij = e
σ(x,y) 0gij(x),
which can be related to various type of optic – continuous media mechanics
processes.
6.3 Exact solutions with algebroid structure
We conclude this work by constructing some explicit examples of classes
of d–metrics which describe exact solutions of the Einstein equations in
string gravity and, for more particular cases, in Einstein–Cartan gravity
and general relativity. Such solutions define Lie N–alegebroid configurations
which are called Einstein–Cartan algebroids.
6.3.1 A class four dimensional N–anolonomic manifolds
The gravity field equations in string gravity can be written in effective form
in terms of differential forms on a four dimensional N–anholonomic manifold
(see, for instance, Refs. [47])
ηαβγ ∧ R̂
βγ = Υ̂α, (135)
where R̂βγ is the curvature 2–form for the canonical d–connection, Υα de-
note all possible sources defined by using the canonical d–connection and
η + ∗1 is the volume form with the Hodje operator ”∗”, ηα + eα⌋η,
ηαβ + eβ⌋ηα, ηαβγ + eγ⌋ηαβ , ....
Let us consider a four dimensional metric ansatz for the d–metric (129)
and frame (73) when uα = (x1, x2, y3 = v, y4); i = 1, 2 and a = 3, 4 and the
coefficients
gij = diag[g1(x
1, x2), g2(x
1, x2)], hab = diag[h3(x
k, v), h5(x
k, v)],
N3i = wi(x
k, v), N4i = ni(x
k, v) (136)
are some functions of necessary smooth class. The partial derivatives are
denoted a• = ∂a/∂x1, a
′
= ∂a/∂x2, a∗ = ∂a/∂v.
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Theorem 6.4 The nontrivial components of the Ricci d–tensors for the ca-
nonical d–connection are
R11 = R
2
2 = −
1
2g1g2
[g••2 −
g•1g
•
2
2g1
−
(g•2)
2
2g2
+ g
′′
1 −
g′1g
′
2
2g2
−
(g
′
1)
2
2g1
],
R33 = R
4
4 = −
1
2h3h4
[h∗∗4 − h
∗
4(ln
∣∣∣√|h3h4|∣∣∣)∗], (137)
R3i = −wi
β
2h4
−
αi
2h4
, R4i = −
h4
2h3
[n∗∗i + γn
∗
i ],
αi = ∂ih
∗
4 − h
∗
4∂i ln
∣∣∣√|h3h4|∣∣∣ , β = h∗∗4 − h∗4[ln ∣∣∣√|h3h4|∣∣∣]∗,
γ = 3h∗4/2h4 − h
∗
3/h4
for h∗3 6= 0 and h
∗
4 6= 0.
Proof. Details for a such computation are provided in Ref. [54].
Corollary 6.1 The Einstein equations (135) for the ansatz (136) are com-
patible for vanishing sources and if and only if the nontrivial components of
the source, with respect to the frames (72) and (73), are any functions of
type
Υ̂11 = Υ̂
2
2 = Υ1(x
1, x2, v), Υ̂33 = Υ̂
4
4 = Υ3(x
1, x2).
Proof. The proof, see details in [54], follows from the Theorem 6.4 with
the nontrivial components of the Einstein d-tensor, Ĝαβ = R̂
α
β −
1
2δ
α
β
←−
Rˆ,
computed to satisfy the conditions
G11 = G
2
2 = −R
3
3(x
1, x2, v), G33 = G
4
4 = −R
1
1(x
1, x2).
Having the values (137), we can prove [54] the
Theorem 6.5 The system of gravitational field equations (135) defined for
the ansatz (136) can be solved in general form if there are given certain values
of functions g1(x
1, x2) (or, inversely, g2(x
1, x2)), h3(x
i, v) (or, inversely,
h4(x
i, v)) and of sources Υ1(x
1, x2, v) and Υ3(x
1, x2).
So, we defined a class of four dimension N–anholonomic manifolds as
exact solutions of the Einstein equations for the canonical d–connection.
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6.3.2 Generation of Einstein–Cartan algebroid structures
On (vV,vV), which being associated to the data satisfying the conditions of
the Theorem 6.5 is 2+2–dimensional, we introduce additional parametriza-
tions modelling a Lie N–anholonomic structure stated by the Theorem 6.2.
Let us label the local bases by corresponding abstract indices, za′ =
(z1′ , z2′) corresponding to ei = (e1,e2) and va′′ = (v1′′ , v2′′) corresponding
to vb = (v3, v4). For simplicity, we shall work with d–metrics which are
diagonalized with respect to the corresponding N–anholonomic frames, i. e.
gij = (g1(x
k), g2(x
k)), hab = (h3(x
k, v), h4(x
k, v))
and
ga′b′ = (g1′(x
k, v), g2′ (x
k, v)), ⋆ha′′b′′ = (h1′′(x
k, v), h2′′(x
k, v)),
and consider nontrivial components of projections
ρa
′
i =
(
ρ1
′
1 (x
k, v), ρ2
′
2 (x
k, v)
)
and vielbein components e 31′′(x) = e[1](x) and e
4
2′′ = e[2](x), which induces
nontrivial Ca
′′
b′′e′′
(x).
The Lie algebroid structure functions are chosen Ca
′′
b′′e′′
(x) and
ρia′ =
(
ρ11′(x
k), ρ22′(x
k)
)
when in order to satisfy the conditions (130)–(132) we have to satisfy the
relations
g1(x) = g1′(x
k, v)
[
ρ1
′
1 (x
k, v)
]2
, g2(x) = g2′(x
k, v)
[
ρ2
′
2 (x
k, v)
]2
,(138)
h3(x, u) = h1′′(x, u)
[
e1
′′
3 (x)
]2
, h4(x, u) = h2′′(x, u)
[
e2
′′
4 (x)
]2
and
ρ11′(x
k) =
1
g1(xk)
h1′′(x
k, v)ρ1
′
1 (x
k, v), (139)
ρ22′(x
k) =
1
g2(xk)
h2′′(x
k, v)ρ2
′
2 (x
k, v).
Having chosen the data ρa
′
i =
(
ρ1
′
1 , ρ
2′
2
)
, we can compute Nai = ρ
a′
i N
a
a′ .
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The data {g1, g2, h3, hb} are given from an ansatz (136) solving the Ein-
stein equations (135). We may consider in infinite set of Lie algebroid an-
chors
{
ρ11′ , ρ
2
2′
}
and algebroid d–metrics {g1′ , g2′ , h1′′ , h2′′} related in a com-
patible way, via (138) and (139), to some functions
{
ρ1
′
1 , ρ
2′
2 , e[1], e[2]
}
with
e[1] and e[2] related to the structure coefficients C
a′′
b′′e′′(x). This points to the
fact that an exact solution of the Einstein equations (vacuum or nonvac-
uum type) may parametrize an infinite set of Lie algebroid structures which
was emphasized in Refs. [39, 38]. This is not surprising because the Lie
algebroids are specific spaces defined by singular maps. We can induce a
more explicit Lie algebroid configuration by fixing compatible frames of ref-
erence, boundary conditions and some classes of symmetries describing two
(interrelated) theoretical models on the N–anholonomic manifold and on a
corresponding Lie N–algebroids.
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